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Abstract section 3, we give an expanded reconstruction algorithm 
using the B-spline which gives visually pleasing result 

smoothing of the digitized object boundary or for use with curving edges. Then experimental results 

subpixel reconstruction of the original image is are presented. 

necessary in processing digitized images and in 
computer graphics display of images. 

We introduce a reconstruction algorithm by 
polygonal approximation for curving edges proposed in 
[ l ]  to estimate the digitized object boundary. This 
method gives a good subpixel estimate for the object 
boundary. However, for curving boundaries it does not 
necessarily give a smooth or visually pleasing result. 
Therefore, we prdpose an expanded reconstruction 
algorithm using B-splines. Experimental results show 
significant subpixel reconstruction. 

1. Introduction 

Digital binary images that consist of continuous 
straight or curving line boundaries are used in diverse 
fields such as fax machines, digital copy machines, and 
computers. Digital binary images are obtained using a 
grid of pixels or square cells, with side T, which are 
colored either black or white. The pixel level is 
determined by whether the center point of the cell lies in 
the black or white region. The resulting digitized 
silhouette consists of regions whose boundaries are links 
of horizontal and vertical line segments of pixel length T. 
Then, the digitized boundary can be represented as a 4- 
directional chain code with links whose end points are 
not at the center of a pixel cell but at one of its corners. 
The link end points are called chain points which form a 
discrete representation of the boundary curve. 
Reconstructing the image then consists of fitting a curve 
near to the chain points. 

Such reconstruction can be done in a number of ways. 
Here, we consider using an approximation for which 
both the original and the reconstruction give the same 
digital straight line in the local region around each chain 
point. A chain code sequence is said to be a digital 
straight line if there exist straight lines with that 
representation. 

In section 2, we introduce a reconstruction algorithm 
by polygonal approximation for curving edges. Then in 

2. Reconstruction Algorithm 

Suppose a straight line is digitized and a digitized 
boundary is obtained as shown in Fig. 1. Let denote a 
coordinate of a chain point is given by (i, j), i=1,2,3, ..., 
j=1,2,3, .... If (i, j )  and (i+l, j) are adjacent chain points, 
then the pixel center point (i+1/2, j+1/2) must lie above 
the boundary and the Ijixel center point (i+1/2, j-112) 
must lie below the boundary. In Fig. 1, the center points 
lying above the boundary are shown as squares, and 
below the boundary are shown as circles. Then, we find 
the squares form the upper convex hull and circles form 
the lower convex hull. Let us denote them as A, and Bc, 
respectively and let 1, be the minimum length line 
joining A, and B,. The algorithm then causes the 
reconstruction line to be the perpendicular bisector of the 
line 1, [2]. 

For c u ~ n g  boundaries, a modified procedure is 
proposed. From the chain point, extend the chain 
sequence in both directions an equal amount. The chain 
sequence is extended as far as possible so that the chain 
sequence is still a digital straight line. From this chain 
sequence we can obtain a particular "reconstructed line 
which satisfies the chain sequence constraint, i.e. its 
digitization gives the same chain sequence. The 
smoothed or reconstructed point is then the original 
chain point projected onto the reconstructed line [l]. The 
polygon formed by these projected points form the 

Fig. 1. Links for chain code sequence 100 10 1 
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Fig. 2.(a) Constraints and reconstructed line. 

. Raconshuctcd 
polnt 

Fig. 2.(b) Chain point shifted by (-,308, .462) gives projection 
onto reconstructed line. 

Table 1. Coordinates of projected points. 

reconstructed boundary. This procedure is illustrated in 
Fig. 2 for a chain point with the three links on either side 
forming the chain code sequence 100101. For fast 
implementation, a look up table is stored as to all chain 
link sequences in the first octant of even length up to six 
along with the corresponding shift of the projected point 
from the chain point, which is shown in Table 1. 

3. Reconstruction Algorithm by the B- 
spline 

It is possible to use a polygonal approximation to 

estimate curving object, but the reconstructed object 
boundary would be a set of straight lines. Here, we 
expand the reconstruction algorithm to curving objects 
by using a B-spline. In the new algorithm, first, we 
apply the reconstruction algorithm by polygonal 
approximation to a digitized object and obtain projected 
points. Then, we apply B-spline smoothing to the 
projected points to give the estimation of curving objects. 
Generally, a B-spline curve is represented as a 
multinornial function, but we can consider weights for 
the projected points by using a rational function for a B- 
spline curve. A variety of curving lines can be expressed 
by considering weights for each projected point using a 
rational B-spline curve. Let us denote Po, PI, ..., Pn as 
control points (projected points here), and positive real 
numbers W,, W,, . . ., Wn as weights for each control point, 
respectively. Let q be a positive number and 
@(q) = [q / 21, where [xJ indicates the biggest integer 

less than x. Using the B-spline function ~9 (t) , let us 
define 

n+26(9) 
2 W,N9(t-i)P, 

1--2+(9) 
'(') = ,+2$(9) (d(q)  s t s tI + @(q)) 

2 w j N 9 ( t - j )  
j- -26(9) 

(1) 
Equation (I) {Q(~)P s t s TI} is called 9th power of the 

rational B-spline curve with control points Po, P,, ..., Pn 
and weights Wo, W,, ..., Wn [3]. 

Here, the projected points are estimated by any of two, 
four or six links of chain code sequences. Therefore, we 
define three types of weights, w2, w4 and w, for each case 
of the projected points. We have to consider two issues 
with respect to the weights: one is the accuracy of 
projected points and the other is to satisfy the chain code 
constraint on the reconstructed image. First, each type of 
the projected point contains different accuracy. Let us 
call the points estimated by six links of chain code 
sequences as type (i), estimated by four links of chain 
code sequences as type (ii), and estimated by two links of 
chain code sequences as type (iii), respectively. Then, the 
accuracy of type (ii) points should be greater than that of 
type (iii) points. Similarly, the accuracy of type (i) points 
should be greater than that of type (ii) points. It gives the 
first condition on weights as follows: weights have to be 
greater in order of importance of the points. Assuming 
the weight in type (iii) w2=l.O, the weight in type (ii) w4 
and the weight in type (i) w6 can be expressed as 15w4 
5 ~ 6 .  Second, digital binary images are obtained using a 
grid of pixels or square cells which are colored either 
black or white depending on whether the center point of 
the cell lies in the black or white region. If a 



points.) 
Procedure: 
1) Calculate e for four combinations of weights set in 
experiment 1. 
2) From the result in I), discuss the recommended 
combination of weights. 

Fig. 3. The worst case of a chain code sequence. 
5. Experimental results 

reconstructed point is located over the center point of the 
pixel, the redigitized image would be different from the 
original digitized image. Fig. 3 shows the worst case of a 
chain code sequence for which it is not possible to satisfy 
the chain code constraint on the reconstructed image. 
Consider the case in Fig. 3 and apply a cubic B-spline 
function to reconstruct PI. Assuming Po(0, 0), PI(O, I), 
P2(1, 1) and P3(1, O), the following equation has to be 
satisfied. 

V) 
By calculating (2), the second condition w4<2.2727 ... is 
obtained. Overall, weights have to be decided as w2=l.0, 
1.05~4<2.27, ~ 4 5 ~ 6 .  

4. Experimental Methods 

A circle is considered as a good example of a curving 
object, because a circle can express various curvatures by 
varying the radius. Hence, we use digitized circles with 
various radiuses to decide weights of the reconstruction 
algorithm by the B-spline. In the followings, we show 
the methods and the procedures of experiments. 
Experiment I 
Object: Circles (center points are located on the grid 
points.) 
Procedure: 
1) Define the normalized average error e of 
reconstructed points for the average radius of a 
reconstructed circle as follows: 

and define the weights that minimize e as optimized 
weights. For each pattern of circle, optimize the weights, 
w4 and w6. 
2) From the weights obtained in l), set four 
combinations of weights, w4 and w6 including the case of 
~ 4 = ~ 6 = 1  for comparison. Calculate e for each 
combination of weights for each pattern of circle. 
3) From the result in 2), discuss the recommended 
combination of weights. 
Experiment 2 
Object: Circles (center points are not located on the grid 

Table 2 shows the results when optimizing the 
weights so that the normalized error e gives the 
minimum value. The radius varies between 32 and 220 
for pixel length 32. Eighteen patterns of circles are 
shown and the average radius of the digitized circles 
with the optimized weights varies between 29.751611 
and 215.428620. In pattern 1, since the radius versus 
pixel length is less than 1, the projected points are 
estimated only by two links of chain code sequences. 
Therefore, w4 and w6 can take any values. In pattern 2 
and 3, the radius versus pixel length is still small and 
take the value between 1.77 and 2.07. In this case, the 
projected points are estimated by either two' links of 
chain code sequences or four links of chain code 
sequences. Therefore, w6 can take any value. In pattern 5 
and 6, W6 takes close value to w4 such as 3.1 or 2.3 for 
~ ~ 2 . 2 .  In this case, the radius versus pixel length varies 
between 3.01 and 3.66. After pattern 7, w6 takes much 
greater value than w4 except for pattern 11. + in table 2 
shows that the weights can be decided only by w4 and w6, 
since there is no projected point estimated by two links of 
chain code sequence. As the radius gets bigger, there are 
some cases that w2 and w4 can take any value, since all 
the projected points are estimated by six links of chain 
code sequences. * means the normalized error e is 
calculated as w6=25. 

Table 2. Experimental results. 



(a)Polygonal approximation. (b)B-spline with weights(l,2,4). 
Fig. 4. Reconstructed circles (Experiment 1, Pattern 11). 

(a)B-spline with weights(l,l, 1 ). (b)B-spline with weights(l,2,6). 
Fig. 5. Reconstructed circles (Experiment 2). 

(a)Polygonal approximation. (b)B-spline with weights(l,2,3). 
Fig. 6. Reconstructed "aWs. 

We set four combinations of weights depending on 
the result in experiment 1 as follows: i) from pattern 5 
and 6, w2=1. w4=2, and w6=3, ii) from pattern 1 1, w2=l, 
w4=2, w6=4, iii) from patterns after pattern 7, w2=l, wA, 
w6=6, and iv) ~2=W4=W6=1. The normalized errors with 
these four patterns are shown on the right half of table 2. 
T h s  results show that w(1, 2, 3) causes the minimum 
normalized error up to pattern 6, and w(1, 2, 6) causes 
the minimum normalized error in the most of the 
patterns after pattern 7. Fig. 4 shows circles 
reconstructed by polygonal approximation and the B- 
spline with w(1, 2, 4). Fig. 5 shows the result of 
experiment 2. The center point of the circle is moved to 
(28, -6) for pixel length 32. Fig. 6 shows the result when 
the algorithm is applied to general images. 

6. Conclusions 

By using a polygonal reconstruction algorithm, fast 
and good quality reconstruction of digital binary images 
has been achieved. In this study, high quality 
reconstruction of curving images is achieved using a 
reconstruction algorithm by the B-spline. In the new 
algorithm, we apply B-spline smoothing for projected 
points. By using rational B-spline curves, we can 
consider the weights for each projected point. The 
projected points are estimated by any of two links of 
chain code sequences, four links of chain code sequences, 
or six links of chain code sequences. Therefore, we 
define three types of weights, w2, w4, and w6 for each case 
of the projected points. Here, we have to consider two 
issues with respect to weights: one is the accuracy of 
projected points and the other is to satisfy the chain code 
constraint on the reconstructed image. Assuming w,=1.0, 
it is necessary that 1.0 d w,<2.27, w4 5 w,. From 
experimental results, recommended weights for curving 
objects are decided. Table 3 shows the recommended 
combinations of weights as to radius versus pixel length. 
As the radius gets larger, reconstructed points estimated 
by six links of chain code sequences are increasing. In 
those cases, smoother curves are obtained by 
strengthening the weight w6. 

General images consist of both curving and straight 
line boundaries and curves have various curvatures: 
therefore, small weights are appropriate. Experimental 
results show that the combination of weights, w,=1.0, 
w4=2.0, and w6=3.0 is appropriate for recommended 
weights for general curving objects. 

Table 3. Recommended combinations of weights. 
radius versus pixel length w2 w4 w6 

less than 4 1 2 3  
greater than 4 1 2 6  
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