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approachiB derived after the8tudy ofthe unlque－  
nes80frotationftoma81nglepairofcorre8pOndence・  

Inthecaseofthreeview8，the Newton’8methodis  
u8edtocomputetherotationaxi8andthenthero－  
tationangleisrecoveredusingthelea＄tSquareap－  

proach．ExperimentBuBlngrealimage8equenCeSare  
pre8ented．Lastly，arObu8tM－e8timation（maximum  
likelihoodtypee8timation）methodi8pre8ented to  
rqiectoutlier8Whentherearefhl＄ematChe8・   

2 The2－ViewAlgorithm  

We di8CuSSin thi88eCtion algorithmthat recovers  
rotationanglehom2view8Withthc con8traint of  
knownrotationaxi8glVenthat the corrc8pOndence  
fromtwoimagesiB PrOvided correctly．A8Sumlng  
orthographicprojection（a180knowna8parallelpro－  
jection），theimageplaneBhare8COOrdinate8Withthe  
WOrldXandYcoordinates．Thi8i8a8peCialca8eqf  
theper8peCtive projectionwhenthefocal1engthis  
atin負nity．   

Let彗＝（Xi，れ，Zi）denoteapointontheobject  
andthi8pOintisprojectedontotheimageplaneat  
邦＝（〇J，肌），hence（〇i，肌）＝（薫，Ⅵ）・Thi8implies  
thatthedi8tanCe（Zi）ffomtheobjecttotheimage  
plancwi11not have an e蝕ct to the motion．This  
a鳥8umptionhold8forweakper8peCtivewhentheob－  
jecti8placed adi8tanCeVery muChlarger thanits  
OWn81方e．  

Further，Wedenotethemotionbyarotation，SpeC－  
i丘ed by R，fbllowed by a tran81ation，SpeCi玉ed by  

t＝（t£，tγ，ち），bence，   

（雲）＝R（紆t 
（1）  

where（X：，Y：，Z：）Ti8the correBpOnding point of  
（ズi，れ，筑）T8鮎rmotionand   
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1Introduction   

Aproblemincomputervisionistorecoverthemo－  
tionftomtwodimenBionalprojection8，thi8i8Cal1ed  
StruCture一缶om－mOtion（SFM）・Rigidmotioni8de－  
compo8edinto two part8，the tran81ation and the  

rotation．Oftbetwo，theTOt8tionalmotioni8rel8－  

tivelydi伍culttocompute．Ambiguityexi8t8When  

theinterpretation ofthe rotationaxiBi8deep（fir  
away）or8hallow（clo8e）・Thisi＄Calledthebaかrelief  
ambiguity【q・The801utiontotherotationrequire8  
additionalinformationofeitheratmo7・iknowledge  
ofthe direction ofthe rotation axi8．  

Harris【1】8howeda2－Viewalgorithmthatcancom－  
putetherotationalmotionfromaquadratic equa－  
tion．Thisalgorithmgavedu81801utionsandrequlre8  
anadditionalpha8e tOdetermine which onei8the  
wanted solution．  

Thi8paperi80rgani8eda8fo1low8．Alea8t5quare8  
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Tbeaboveequatione8tabli8be8tberel8tionoftbe  
rotationangle丘omtwoview8uBlngOnlyonecor－  
re8pOndence withtbeprlクーiknowledgeofrotatioll  
axi8．   

Subjecttonoi8e，Cquation（9）wi11notbev＆1id，hence  
＆ne8timationmethodi8requiredtofizldthcBOlution  
wberetbe叫uarederror（givenbelow）canbek叩t  
minimalwith＆largcnumberofob8erYations（corre－  
8pOndence8），  

Il  

〝（β）＝∑（A‘t8岬／2）＋夙）】（11）  

i＝1  

Wecanindeed丘ndauniqueBOlution［8］thati8  

β0＝2arctanト 
穿） （12）  

where  

Equ8tion（1）areinhctthrcelinearequation80f  
wbicbtbe鮎8ttW08reu8ed8incetbedeptbi8nOt  
recoYerable．Rep18Cing（X：．Y7）TzLnd（Xi，Y；）Twith  
（〇；，扇）Tand（恥妨）T，Weba▼e  

〇；＝rll‡i＋r12班＋r13ろ＋t。， （2）  

and  

（3）  “＝r21正i＋r】2洪＋r‡3筑＋tγ   

Tbe tran818tionalcomponent8土手and tγCan be  
droppedifwedothefbllowlngm8nlpul＆tion：finda  

point（z，1，yl）ontheobject，＆nd8etthccoordin＆te  
Origintothi8pOint；＆fterthemotion，thi8pOintbe・  

come8（〇1，弘）8ndwemoveittotbeorigin8gain．  
Makingu8eOftheidentitie80forthogonalmatrix：  

rllr23－ーユ1r13 ＝  一丁3ユ  

ー12r】3－r2】r13 ＝ r31I   

wenowbave  

r23〇／－r13y／＋r3】正一r31y＝0，  

（4）  

Ai＝ん（ん（蓼i＋〇；）－ん（肌＋扇））  

βi＝ん（〇i一正；）＋ん（肌一房）・  
（13）  

（5）  

Thi8equ＆tion8how8tht under orthographic pro－  
jection，therei8aninfinitenumberof8Olution8丘om  

2view8regardle88the number ofcorrc8pOndence8  
（Eu8ng8nd Lee【2】．Introducingtbecon8tr8intof  
known＆X18，We8how th8t8unlque＄Olutionexi8t8  
byu81ngOnlyonep8irofcorre叩Ondence．   

Leり＝（ん，ん，‘．）Tdenotetbeunitvectorofthero－  
tationaxi8，tberot8tionm8trixRofangleβ㍍O11nd  
gcanberepre8entedby  

3 The3－ViewAlgorithm  

Iti88howninthi8さeCtion tbat the rot8tionaxi8C8n  

be recoveTed丘om tbree丘8me8．Ⅵk a鳥8ume tb8t  

tbe object rot8te8tbe8ame amOuntOf8ngle8be－  
tween fhmes．Thi8＆88umptioni8Valid when the  
Objectha88uEicientinerti＆Orthe＄8mplinginterval  
iB rea80nably8mall．IJet the doubleprlmedenote  
thecoordinate＄企omthcthirdftiLme．From（12）we  
have   

＝ tan一＝一 （14）  

wbere  

A；＝‘．（ん（‡；＋‡；′）－ん（砿＋扇′））  
β；＝ん（可一可′）＋ん（勇一或′）・  

Rearrange（14），Web8Ve  

∑（A～）∑（A；βヱ）－∑（ペ）2∑（A‘瑚＝0・（15）  

C＋′≡v J壬んⅤ－ん∫ ∠蓼んⅤ  

んJ。Ⅴ＋‘．g C＋雫Ⅴ ん‘．γ  

J．んⅤ－ん∫ んんⅤ＋んg C＋  （  
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WhereC＝CO8β，g＝8inβ，andV＝  

【3］fordetai18）．Sub8titutetheelement8丘omequa－  
tion（6）intoequation（5）8ndre8rr8ngeit，WeObt8in，  

d（1－CO8β）＋♭8inβ＝0，   （7）  

where  

α ＝J．（ん（ェ＋蓼′）－ん（y＋ゾ））  
♭ ＝ ん（〇－〇′）＋ん（y－ゾ）・   

Sincetan呈＝主諾ヂ，equation（7）eYOIve8tO  

（8）  

Extr8CtJ．丘omAi8ndA；，re8ultinginAi＝AJ．  
andA；＝A；ん；8ub8titutetbeminto（15），C8nCeling  
ん，itgive8  

（¢t8n＋り8inβ＝＝仇  （9）  

Inequation（9），8inβ≠0扇ncetbea88umptionof  
knowna＝i8e爪，Ctivelyimplie8tb8tβ≠0．Eence，  

β＝2arct8n（）・  （10）  

∑（ペ）・∑（ペβ；）－∑（卿・∑（ん鋸＝0・（16）  

NoticethtAi，A；，Bi＆ndB；con8iBtOfonlytwo  
Variable8OfLDandLy・Thecorre＄pOndenccbetween   
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丘ameoneandたametbreere8ult8intwicetherota．  

tion8ngle，bence  lO也tl01I●叫l●  

∑A；′ギ  

∑（An2●  
（17）  

tanβ＝－  

Usingtheidentitie80ftane＝岩島andL…＝  

1－L…－2l，itisanalogou8tOderive企om（17）the  

払1lowlngequation  
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Figurel：鳳，ね抽几‥eC川ered舟¢m伽クーView‘巾¢一  

山班m．  
（18）  

釧     ）つ∑ぺ′β；′  ＝ 0   

Letム（‘壬，ち）8ndム（‘射ち）denotetbele氏band8ide  

of（16）and（18），bence  

f＝（宝）＝0， （19）  

whichisanonlinearequationoforder8andthe2－  
dimensionalNewton，8methodconverge8q11ickly，  

（宝）‘叫＝（宝）‘と’一冊） 
（20）  

whereJi6theJacobian．L．c＆nbecomputedu8ing  

ト牒－‘…・Ullm8n【句andⅡuang【2］indi－  J．＝士   

Figure2：凡別此＝中仙り－γiet〟‘舟○両班m・Tんeズα几d  

yα正e＝eクーe抑It‘¢αndん・meCαrr〃ねteJJβde－  

gree∫betwee†l仙○亡○肘eCtl仙e舟αme∂．rんec存亡Jede一  

〆cわ伽tmev血eイ伽roねtio几血中d＝β・β叫・  

catedthatpointcorre8pOndence8ffom3viewB＆1low  
two801ution8tO mOtionand onci8the re負ection of  

theotherwitbre8peCt tOtbeim8geplane．  

Havingrecoveredtherotationaxi8，therotationan－  

glecanbecomputedefRciently11Blngthelea8t8quare  
approach8ince thc Bummation termBin equation  
（12）havealreadybeencomputed・   

4 Experiments  

Experiment8WereCOnductedu8inga8equenCeOfim－  
age8WiththeobjectBrOtatingonaturntable・The  
cameralookeddownontheturntablewithanangle  
Of30degree8．Feature point8Were detected u8ing  
theWang－Bradycorner detector【7］・Fig11relwa8  
0btainedf上omusingcquation（12）andthere8ult8i8  
indeed8mOOtb and robu月t．  

Figure28how8tbere8ult80ftbe3－ViewalgoTitbm  
hrrecoverlngOftberotationa裏8．   

5 DealingwithOutliers  

Previously，Wehaveassumedthattherearenomi8－  
take8infinding corre8pOnding matches．Thi8aS－  

8umption cannot be a8Sured by current matching  
algorithm8．When thi8happen8the data8et Of  
matche8Willcontain o扇Lier8．The method8prO－  

po8edabovecangetarbitr＆rilywrongevenwith  
8mal1percentageofoutlier8．Weu8eanM－eStimator  
fromrobuBt Btati8ticB method＄［5］fbr801ving thi8  
problem．   

Theideai8tOintroduce an adaptiveinteraction  
（weight）functionhintoequation（11）inthefollow－  
1ngWay．Con8idertheindividu＆1errorterms  

りi＝Aitan（β／2）＋βト   

Wew＆nttOgivealargerweighth（77i）totheterm  
cont8iningAi8ndβiifりii8re18tively8mal180that  
thei－th matchi81ikely＆n“inlier”；Or a8maller  
weigbtotberwi8e．InTukey，8biweigbt【5】，tbehnc－  
tionんi8de負ned88  

帖〈∫1－（研3ニ恩≡。1 （21）   
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thepo8eOfthecamerainthe＆boYeeXperiment＄W＆8  
e8timatedm8nually．Noc81ibr8tionwaβC8rriedout！  

The3－Viewalgoritbmrequlre88ne8timationoftbe  
directionoftherot8tionaxi8払rit8initialvaluewben  

thenumeric81methodi8employed．Withgivenini－  
tialvalues，thealgorithmconverge8fhst andaccu－  
rately．Anewalgorithmha8beendeveloped【4】in  
alea8t8quareapprOaChwhichutili8e8aOnedimen－  
8iona18earChtolocatetheminimalenergy．  

The twoand three viewalgorithmBrequlre rObu8t  
COrre8pOndence amongfhme8．In the preBenCe Of  
h18ematChe8，tbealgorithmwoTk81e88reli8bly．The  
robu8t M＿e8timationmethod ha8thc dded advan＿  

tage of一再ecting outlier8and tbe r朗ult8訂e Very  
prOm181ng・   
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Figure3：Rotationangle8COmputed丘omcorre8p－  
ndence data containing20％ofoutlier8uBing the  
the2－viewalgorithm（upper）andtheM－e8timator  
（lower）・TheabBCi88arepre8entS丘amenumberamd  
theordinaterotationzLngle．The801idline8rePre8ent  
themeanangle＆ndtheverticalda8hedline8indicate  
theBtandarddeviationcomputedforeach丘zune．  
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WhereSiBane8timateof8preadandcacon8tant．  
Acboicemaybe  

g＝me山肌（l刊－me山肌h）け  

withc＝1・4826・TheM一朗timateforourproblem  
isde丘nedaBthesolutionofthefbuowingfixed－pOint  
equation：   

β＝2血n（－ 
（22）  

Our experiment88how that thi88ChemeiB reli8ble  

Whenoutlier8即epre8ent（8恍Figure3）．   

6 Conclusion   

The2－viewalgoritlmcompute8reliably the rota－  
tion 

． 

jectionandtheobjecti8pl批edatadi8tanCe丘om  
theviewer・hmanyapplic＆tion8，therotationaxis  
isprovidedoritBdirectioniBknownwithincertain  

range．Expe止ment88bow tbat accur8te me餌urか  

ment80ftherotation血knotnece88aけ・hhct，  
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