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ABSTRACT 

f i e  Warp Model of Lhe Hough transform is pm- 
posed la provide the ezlended Fiotigh lrawform func- 
tiow(EHT). The Warp Model is a skewed pammeler 
space ( p ,  [), u~htch IS  homeomofphic to the original ( p , B )  
pornmeter spore. R i.7 imporfont tho! fo inlmduce the 
skewness of the pururneler space is io define [he ongu- 
lar and posilional sensibiIily lo detecl lines. 
In this paper, the Hough transjormlunction is extended 
at firsi by introducing three Junctional conditions lo 
ensure the horn ~omorphic relation betuleen ( p ,  ;I) and 
( p ,  8 )  parameter spaces. APer proving lhese conditi0n.r 
to he feasible, a procedvre lo  d e r i t w  ihe transfirm lunc- 
lion is  pres~nled by using the Warp M o d ~ l  so that the 
given angular and posiannl sensibility could be rrolrzed. 

The esscntiaI property of Rough transform is  to ensure 
an unique one-to-one mapping, a hoeomorphic map- 
ping, between a line in the pattern space and its param- 
eter pair in the parameter space. If we could find other 
homeomorphic mapping functions, the functional ex- 
presion of E-lough transform would be extended. This 
new extended expression of Hough transform is cdled 
'Extended Wough Transform (EIET)' in this paper. 

2.1 Conditions for EHT 
Let the EHT function 'he denotcd by eq,(2) in this pa- 
per. The parametem p and ( in eq.(2) are for the pa- 
rametrrs for t h ~  arbitrary pasition and for the arbi- 
t rary angle( or orientation) of the straight line, respec- 
t,ively. A n y  translorm functions given by eq.(J) could 
be an  EIIT function on condition that the lollowing 
three conditions be satisfied. 

1. INTRODUCTION 
g(p,t) = 41 ( P ,  €1 + ? l . j 2 ( ~ ,  t )  

The bmic function o l  Hough transform defined by 
12) 

eq.(t ) should not be an unique expression by whish the Condition-1: j, ( 1 1 ,  <), j2(p1 [) and g ( p ,  [) should 

line pattern detwtion could be r e a l i d . ' )  be an 11 nique( single-valued) and continuous functions 
of the parameters p and (, where j: + f: # 0. 

In order to e x t ~ n d  the fi~nctinnal expression of Hough 
transform, we have proposed t h e  extended H o ~ g h  trans- 
form functions (EHT) md its lunctional conditions to 
be satisfied by EFIT." As EHT functions are define3 
so that the new parameter space corresponds home- 
omorphically to ( p ,  0 )  space, i t  is emphasiz~d in this 
paprr that agecifing the functional expression of EHT 
i s  equivalent to specifing the scnsi tivity distribution of 
the parameter space of Hoagh transform. The 'Warp 
Model'" af Hough transform was introduced to de- 
scribe clearly the sensitivity dktrihution of t h e  param- 
eter space. 

The conditions to he satisfied by EHT functions and 
the Warp Nodel of the  EHT are firstly introduced, and 
after proving these conditions to he feasible, a proce- 
dure to design the transform function is presented by 
means of thc sensitivity measures defined by the Warp 
Model. A few examples of the specific Warp Modela 
are presented to show the utility of the Warp ModeI. 

2.  EHT AND WARP MODEL 

As f: $1; f 0, cq.(2) can be replaced by eq.(3). In 
(3), when ict arctan % and be replaced 

$(p,  [) and R ( P , { ) ,  rmpectively, ~q. (J j  can simply 
represented by eq.{4). 

R ( p , O  = x. cosd(p,O + Y. sin d ( ~ ,  €1 (4) 

As functions J , ( p , E ) ,  J z ( p ,  () and g(p ,  E )  are single- 
valued, the modified parameters (4, R) in eq.(4) be- 
come single-valued functions of p, and [, and thercfore 
we can call these parameters as equivalent distance 
R from the origin and equivalent perpendicular an- 
gle & of the EHT defined by eq.(2). 

Condition-2: The cquivalent distance R(p, f ) and 
perpendicular angle b(p,() must he monotonously in- 
creasing{ or decreasing) with respect to p and (, re- 
spectively. Therefore, q . (5)  must l ~ e  satiiufird. Figure 



c 
Fig.1 Condition-2 of EHT 

1 gives the pictorial interpretation of th is  condition. 

Condition-8: When let the boudaries of the px- 
sameters [ and p be f K ,  G, p t  and b, eq.16) must 
'be satisfied as the boundary conditions for the param- 
etera 4 and R for any p and any [, where B i s  the given 
range of parameter p. Figure 2 givm an interpretation 
of this condition. 

2.2 Warp Model of EHT 
In order to dernonstsa~e the feasibilities of the condi- 
tions, suppow that the parameter s p m  ( p ,  0 )  and 
[ p , [ )  were digitid into L x IC cells homogenioualy 
as shown in Fig.3, As the domain for the parameter 

B space ( p , B )  should be O 5 0 < s and 5 p < y, 
and if let the domain of the space ( p , ( )  be D x C 
, the da t ions  between the ceH s i w a  of Ap x At9 and 
Ap x A( can he given by eq.(7). Let the borders of cells 
be identi fie$ by (p,, Bk) and ( P I ,  G) where 1=0,1,2, ..., L 
and k=0,1,2 ,..., K. 

How should the cell array ( p i ,  lk) in ( p ,  () space be 
observed from an observer on the space ( p , B )  ? As 
shown in Fig.4, it i s  obvious that the skewed cell array 
(R(p1, ( h ) ,  $ ( P I ,  E L ) )  woutd be observed. We will call 
this skewed dl array as the 'Warp Model" of EHT. 
The point to show that the EHT is truely an altema- 
tiveof the Hough transform is to show the Warp Model 
wuld cover the cell array ( p , ,  O h )  uniquely. 

2.3 Proofs for Conditions 
( I )  Condition-l 

'an ~nalogy to the skewed warp and weR of  the fabric., 

Fig.2 Condition-3 of EHT 

p = 12. cos0 + y. sin B g(p,  6) z.~I(P,  F )  + V - ~ ~ P I  

Fig.3 Relation between IF , ( )  and ( p ,  0) spacm 

Fig.4 The Warp Mode! ( R ,  4) of EHT 

In oder to ensure the correspondence between the cell 
array ( P ,  8 )  (R(@*O,  4(p, €11 to be homeomorphic, 
it is sufficient to ensure the functions R(p,E) and d(p,() 
to be single-valued and continuous with rmpect to p 
and 8, respectively. Therefore, as known from eq's.(3) 
and (4), it i s  suficient to ensure [unctions fr(p,[), 
fi(p,() and g(p,() to be single-valued and countin- 
uous with respect to p and [, rmpectively.(QED) 



(2) Condition-:! 
In addition to the Condition-I, as shown in Fig.S1 it 
would he feasibIe that the functions R(p , ( )  and &(p,  E )  
should be monotonously increasing (or decreasing) with 
respect to p and 8, rmpectively. Therefore, eq.(8) can 
he e-ily provided hy means of eq.(T).(QED) 

(3) Condition-8 
As shown in Fig.6, in order to ensure the Warp Model 
R(pI ,&)  to covcr the  cell array (p ,  R), eq.(S) must be 
satisfied lor all pi, 1=0,1,2 ,..., 11. 
In addition to eq.(9), for all [ h  except k=O and K . 
eq.(lO) should be applical~le where B is the given rangr 
for p parameter,(QED) 

3. HOW TO DESIGN EHT 
FUNCTION 

A basic idea and a procedure to design the EHT func- 
tion are proposed by means of the Warp Model. 

Fig.5 Monotonous increasing properties. of 4 and R 

3.1 Sensitivity of Line Detection 
It is important to notice that the partial differential $ 
defined by eq.18) can be physically interpreted as a kind 
of 'thr angular sensitivity' or 'the angular resolution 
rate'of the given EHT characterized by ( R ( p ,  [), # ( p  ,()) 
in eq.(4). 
In the  same way, the partial differential means a 

kind of 'the positional sensitivity' of the line detection 
by the EFIT. In other words, the skewness of the Warp 
Model of the EHT represents the angular and posi- 
tional sensitivities of the EIIT. 
k t  Sd and SR be the angular and positional sensi- 
tivities. Fortunatety, as clearly given in eq.(8), these 
sensitivities can be defined by eq.(ll), 

3.2 Procedure to design EHT functions 
Therefore, the exact expresion of t h e  EHT function 
can he derived by solving the differentia! equations 
given by Sd and SR in eq.(l l)  under the constraint 
of the Condition- I ,2, and 3. The solutions b ( p ,  () and 
R ( p , ( )  are the exact expression of the EHT in which 
the specified sensitivities me actually realized. 

3.3 Examples of EHT 
h few examples of ERT functions are presented to 
demonstrate the procedure. 
(2)  Exarnple(1) 
Suppose to design a EHT function of which angular 
and positional sensitivities are incrrasing at about 0 = 

as given by eq.(12) and Fig.7. 

The parameter d ( p ,  €1 can be easily solved to be eq.(13) 
on condition that C = n when 0 5 [ < n, and that 
a = (1 - $1 and b = when $([ = 0) = 0 and 
q5(< = a) = IT. 
The another parameter R ( p , < )  can also be derived by 
cq.114) QII condition that a% ((1 - $) and V = O when 
R(p = 0) = 0, RCp = R) = Rand R=D. 
Therefore, t h e  transform function of this EHT was de- 
signed as R(p, [I = x .  cos d(p,  <j + y. sin d(p, [) on the 
basis of the solusions of eq.'s (13) and (14). Figure 
8 shows the skewed parameter space, Warp Modd, of 
this EHT. 

Fig.6 Roundasy condif.iona of 1 and R 



Fig.7 An example of the sensitivities $ and 

(2) Example (2) 
Suppose to introduce a EHT function such that its an- 
gular sensitivity becomes linear as defined by eq.(15) 
and that its positional sensitivity becomes Rat as de- 
fined by eq.116). 
Under the samP constraints of the example ( I ) ,  $ ( p ,  €1 
and R(p, <) are easily solved, and eq.( 17) was providcd 
as the EHT transform function. Figure 9 shows the 
Warp Model of this EHT. 

4. CONCLUSION 

This paper proposed the Warp Model of the Hough pa- 
rameter space in order to give a pictorial interpretation 
of the extended Hough transform(EHT), and to intro- 
duce a procedure to dmign the EHT function. As the 
partial differentials of the Warp Model mean a kind of 
the sensitivity of Ihe line extraction, just by specifing 
the sensitivity at request and by solving the partial $if- 
ferentials under the constraints, the new EHT function 
can be provided. 
Therefore, it can be said that this paper should be effec- 
tive to integrate the so-called 'performance' "1, Nuan- 
tization' 'h5) and 'parameterization' problems of the 
Hough transform. From this view point, the following 
subj~cts  of this p a p a  should be investigated hereafter. 
( 1 )  To find out the f a t ,  noise robust algorithms of 
EHT3) 
(2) To make the functional conditions of EHT more 
target ~pecific 

(3) To clarify the relations among the transform func- 
tion (=EHT), parameteri7ation, and performance prob- 
lems 

Fig.8 An example of the Warp Model 

Fig.9 Another example or the Warp Modcl 
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