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ABSTRACT 

Thc aim of this papcr is to propound an algorithn~ic 
approach of thc mathcmatical morphology compatible 
with a continuous acquisition of the image by a lincar 
camcra.1n accordance with the three fondanlcntal axis 
dcfincd hy an hexagonal frarnc , the basic two- 
dirncnsional n~orphological transforn~atioos arc 
dccomposcd into lincar proccssings tl~at can bc exccutcd 
in parallcl This mcthod offers ncw possibilities 
concerning itcrativcs transformations and thc usc of 
structuring clcmcnts of Iargc size.Thc application of thc 
rncthod 10 lincar fillcring ,issued lrom thc signal 
Ihcory,is also proposed. 

INTRODUCTION 

Thc autolnation of surfaccs inspection (tcxtilc 
intlustry,trcatmcnt of lcathcr,wood,ctc ... ) sct up a 
fundamental axis of scarch in artificial vision. l'hc 
I!alnan visual co11;i-ol,still ncccssary :oday,is a I1at.d 
work and not always clficicnt because it dcpcnds on thc 
statc of tiredness of thc operator. To aulomalc such a 
task ,it is ncccssary to conccivc algorithnis which takc 
thc implcmcntation on a spccialiscd architurc ant1 a rcal- 
ti~iic processing into account.Tlic huge anlounts of 
information to bc proccsscd in an imagc makcs 
ncccssary thc usc of parallelism in diffcrcnts lcvcls 
according to thc specific crilcrions of a givcn applicalion 
[ I ]  .The suggcstcd algorithms arc inspired by the 
mathcmatical morphology which is put in concrctc form 
by shape transfornlations with structuring clcnlcnts in 
application of sct theory. This mclhod pcrfcclly suited to ' 
two-dimcnsionnal imagcs,providcd by an acquisition , 
donc with a matrix ,is in difficulty for thc irispection 
systcnls which oflcn rcquirc a lincar acquisilion.Thc 
classical lincar morphology implcmcntcd linc by linc 
may not rcconstitutc tllc 2D morphological rcsults 
hccausc it givcs grcalcr importance ,without valid 
thcorctical reason ,to thc horizontal dircclion ;then thc 
horizontal ncighbourhood of each pixcl is thc only onc to 
he tnkcn into account . Thc objcct of the papcr is to 
proposc a dccomposilion of thc 2D n~orphological 
proccssings into lincar and parallcl proccssings [2] .The 
considcrcd algorithms arc thc oncs that works at pixel 
lcvcl and can bc easily in~plen~cntcd on linc processors 
strilcturc 131. Our intcrcst focuscs on a 2D imagc of a 
surfacc in a conlinuous fnovcmcnt acquircd hy a lincnr 
camcra . 

IMAGE PARTITION 

I,ct us corisidcr a two-dimcnsional image 1 
conslitucd of scrics ul' digitascd lincs,dclivcrcd by n 
lincar camcra. Thc hexagonal frarnc supporting 1 dclincs 
thrcc principal dircctions;one horizontal noted (D-) and 
two obliques noted (D/) and (D\) , making respectively 
an angle of n13 ant1 ( K - n13) with the horizont;~l 
(figurc l).Thc imagc 1 can hc considcrcd .indcpcndcntly, 
as union of lincs (Li-) parallel to (D-)or lincs (Li/) or 
(Li\) rcspcctivcly parallcl to (Dl) and (D\) : 

Figurc 1 .Thc thrcc fondamcntal axis defined by the 

hexagonal franlc supporting I. 

DECOMPOSITION OF THE BASIC 
TRANSFORMATIONS 

Decomposition of the s t ructuring e len~cnts  : 
Thc mathcnlatical nlorphology use abundantly thc notion 
of structuring clcnicnt:clcnientary configuration of pixels 
ccntrcd on a point which is ,generally,thc gcornctic 
ccnlcr and that wc movc successively over the points of 
the image ;it will condition the morphological 
transformations according to its inclusion or intcrscction 
with a shapc.Lct S (Figure 2) be an hexagonal 
structuring clcmcnt;its dccomposilion according to the 
thrcc principal dircclions gives: 



with (S-) I1 (D-). (Sl) N (Dl) and (S\) I1 (D\) . Lcl us 
notc that (S-) , (SI) and (S\) have the samc central 
clcrncnt ,which is thc main actor in  the nlorpliological 
transforniations . 

Figure 2 . Dccornposition of thc structuring clcmcnt S. 

Decomposition of the dilation and tlie 
e r o s i o n  : The two basic transformations of 
mathcmatical morphology are dilation and crosion,other 
transformations such as closing and opening arc dcduccd 
by simple composition.Thcy arc cxprcsscd in function of 
classical sct opcrators ofsct union and sct intersection or 
in function of addition and substraction (noted 
respectively @ and 0 ) opcrators of Minkowski [4] . 

Case of a binary iniage : Thc dilation of a shape 
X by a structuring clcmcnl S is dcfincd as follows : 

(S) x designs S ccntred in x and S- thc symctrical of S 
according lo tlic origin of coordinatcs [4] .Generally 
S=H ,whcre H designs the hexagonal structuring 
clement which all pixels have thc same level ( I  or 0). In 
that case H' = H and DH(x) = ( X , ( H ) ~  n X # @ )  . 
Thc decomposition according to the principal axis lcads 
to : 

Consequently thc classical dilation split up into thrcc 
lincar dilations that can hc implemented scparatcly. Thc 
erosion is the dual operation of dilation ;to crodc a shapc 
is the samc as to dilate its background : 

X @ H- = (xc  @ H-)c which gives: 

The decomposition of erosion leads to : 

To illustrate the proposed method ,hen: is an example of 
dilations with an elcrncnhry hexagon computed in 
parallel : 

Initial binary iniage 

Dilated according to (D-) 

Dilated according to ( D o  

Dilated according to (D\). 

L 9 ,  . . .  v . . . . . . . . . . . . . .  
L  P I  . . . . .  . . . . . . . . . . . . .  
L I V ;  . . . .  . . . . . . . . . . . . . .  

. . . .  L l l l  . . . . . . . . . . . . . .  
L 1 2 ,  . . . .  . . . . . . . . . . . . . .  
L I Z ,  . . . . . .  . . . . . . . . . . . .  
L  I * ,  . . . . . . . . . .  . . . . . . . .  
L I Z ,  . . . . . . . . . . . . . . . . . .  
L I 6 ,  . . . . . . . . . . . . . . . . . .  
L I T ?  . . . . . . . . . . . . . . . . . .  
L I B ,  . . . . . . . . . . . . . . . . . .  
L I T ,  . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . .  L ? , ,  . . . . .  
L  21 . . . . . . . .  . . . . . . . . . . .  
L  ' Z  I . . . . . . .  . . . . . . . . . . .  
L  i 3  . . . . . . . . .  . . . . . . . . . .  



Synthes i s  of the parallel dilations 

. . . . . . . .  . . . . . . . . . .  
L 4 ,  . . . .  . . . . . . . . . . . .  . . . . . .  L  5 ,  . . . . . .  
L b ,  . . .  . . I . . . . . . . . . . .  

I L  7 ,  . . . . . . . . . . . . . . . . . .  
! L  8 ,  . . . . . . . . . . . . . . . .  
L  7 ,  . . . . . . . . . . . . . . .  
L I * > ,  . . . . . . . . . . . . . . . . . .  
L I I !  . . . . . . . . . . .  . . . .  . . . . . . . . . . . .  L I Z ,  . . . .  
L I T ,  . . . . . .  . . . . . . . . . . . .  
L I O ,  . . . . . .  . . . . . . _ . .  
L 1 5 1  . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . .  L I b 4  
1 . 1 7 :  . . . . . " . . .  . . . .  
L I E ,  . . .  . . . . . . . . . . . .  . . . . . . . . . . . . . .  L I T 1  . . . . .  . . . . . . . . . . . . .  L T ' , c  . . .  
L 2 I 1  . . . . . . . . . . . . . . . . . . .  
L :2 . . . . . . . .  . . . . . . . . . . .  
L i z ,  . . . . . . . . . . . . . . . . . . .  
L : . ,  . . . . . . . . . . . . . . . . . .  
L Z 5 8  . . . . . . . . . . . . . . . . . .  

Case of multilcvcls image: A grcy function n is 
dcfined : 

(gcncrally N=256) 

Thc dilation or tlic crosion Lransforms thc grcy lcvcl 
of thc pixcl in funclion of lcvcls of iLs ncighborlioods 

Thc lincarisation according to D-.Dl and D\ givcs : 

DSn(x) = max (DS-n(x),~Sln(x),~S\n(x)). 

~ ~ n ( x )  = min (ES-n(x),Esln(x),Es\n(x)). 

EXTENSION T O  THE"I1IT OR MISS 
"TRANSFORMATIONS 

Let us considcr ,in a binary irnagc ,an hexagonal 
structuring clcmcnt S(S 1 ,S2); S=S 1 U S2 , 

Thc "hit or miss" transformation" of a shapc X by a 
structuring elcnicnt S(S1 ,S2) is dcfincd as follows : 

X @ S = { x  ,(Sl)x c X and (S2)x c XC). 

S 1 = S 1 - U S 1 / U S I \  ; S 2 = S 2 - u S 2 / u S 2 \ .  

X @ s = (xI(S1- U S l l U S l \ ) x  X and (S2- US21 
U S2\)x r XC) = (XI ((s 1 - ) x c  X and ( S 2 - ) x C  
XC ) and ( ( S l 1 ) x c  X and (S2l)x c XC ) and (( 
S l \ ) x c  X and (S2\)x c XC ) )  so the he 
lincarisation givcs : 

Thc morphological thickcning and thinning arc dcfincd 
from tlic"hit or niiss" transformation": 

Tliickcning: Tllc thickcning cotisists of adding to the 
shapc X its "hit or miss" transformed with ;I structuring 
clcnicnt S: X 0 S = X U (X @ S) . It rcsrrlts : 

Thinning:Thc tllitining consists of sr~bstracting 
(sct substract notcd \ )from thc sh:ipc X its "hir or  niiss" 
transf(~rmctl with a structuring clcmcnt S: 

X 0 S = X \ (X @ S)  . I t  rEsulls : 

x 0 s = (X 0 S-) u ( X  0 SI) u (X 0 S\) 

EDGES DETECTION 

A large class of cdgcs dctcctors .after a prcproccssing 
stcp (usually a sthnioothing ) ,computes gradients in 
dil'fcrcnt dircclions for each pixcl [ S].Thc morphological 
gradient can be approxiniatcd in runcdon of grcy lcvcl 
crosion and dilation [(,]by : 

g(x) = ( ~ S n ( x )  - ~ S n ( x )  )l2. 

Conscquenlly ,thc gradient g can bc dcconiposed 
according to the thrcc principal axis and lcads to a 
parallel proccssing in ordcr to cxtract cdgcs witli an 
appropriate thrcsliholding. 

In thc particularly casc of a binary irnagc ,wc 
considcr a ncighbourhood family V of structuring 
clcments engcndcred by the sIi.ucluring elcmcnt V I 
which center has the level 1 and which has at lcast one 
pixcl at the lcvel O;thc ollicr poinLs have indiscriniinately 
thc value 1 or 0. V can be rcduccd to 6 clcmcnts V 1 ,V2 

V6 ,cach Vi is dcduced from Vi-1 by a rotation of a ... 
sc13 angle. The conlour C(X) of a shapc X can be 
considcrcd as thc union : 
( x @ v i )  i c { 1.2, ..., 6 )  = ui c { 1 ,.., 6 )  (x @ vi )  
[ 7 ] .  The falllily V can bc dccomposcd according to the 
principal axis : 
v = ( V l - u  V2-) u ( V I /  u V21) u (V1\ U v2 \  ) . I1 
rcsults: 
C(X) U i E [1,2] ((X @ Vi-) U (X @ Vil) U (X @ 
Vi\)). 

Hcrc again ,the transformations according to thc 
fondamcntal dircclions can bc proccsscd in parallel. 

ITERATIVES TRANSFORMATIONS 

In the classical 2D nlorphological transforforniations. 
we are often lead to rcpcat scvcral times basic 
transformations such as crosion and dilalion . In ~ h c  casc 
of tlic iniagc of a surface in a c o ~ i t i n i ~ o ~ ~ s  movcnicnt , 
thc ilcralion can hardly bc enviscagcd.The iteration of a 
niorphological transformation using a structuring 
elcnicnt S is equivalent to using a structuring clcmcnt of 
a largcr size but thc Iincar cxisting systems ,bnscd on the 
proccssing of thrcc succcssives lincs find their lirnil from 
the momcnt that thc structuring clcmcnt stragger over 
more than thrcc lines [8] ;in fact let us consider the 
binary dilation : the opcralor @ is associative so : 

H @ H is an hexagon which contains 19 pixcls and 
sprcad ovcr fivc succcssivcs lincs. Morc gcncrally , i f  i 



IS thc numbcr of iteration of x @ H it is equal to 
usc thc hexagon : 

Hi = (H @ H @ H @ ... .. @ H) 
(whcrc H is rcpcatcd i timcs). If Card(Hi) designs thc 
numbcr of pixcls of Hi ,wc havc : 
Card (Hi) = Card (Hi- I) + 6i , lhcn it rcsulLv : 
card(Hi) = 1 +3i.(i + 1) .Hi have (I  + 3i(i + 1)) 
clcmcnts sprcadcd ovcr (2i + 1) 1incs.W~ notc that thc 
numbcr of clcmcnts of Hi incrcascs in i2 ; using such 
structuring clcmcnts ,in a classical way,hccnmc a vcry 
fast complicated. Thc dccomposition of H according lo 
thc thrcc fondamcnlal axis offcrs an casicr solution using 
lincar struc~uring clcmcnts ,each onc containing (2i +I )  
pixcls (in function of Hi) :If H = H- U H I U H\, we 
can vcrify (Figurc 3): 

H @ H = H - @ H I @ H \ ;  

x =((x@ ( H- @ HI @ H\ ) @ ... @ ( H- @ 

HI @ H\ )). 
Each couplc of thc sct [H- , 131, H\ ) cornmulcs 
by @. 
i f  i=2k ,Hi = ~ k - @  Hk/ @ Hk\ and by sr~cccssivcs 
commulations and by thc fact that@ is associalivc we 
obtain : 

x @Hi = (((X @ ~ k - ) @  Hkl) @ Hk\) 

H- H - $  H/ H - @  H/$ H\ 

= I [ @  11 
Figurc 3.Action of lincar dilations. 

Tilc duality of crosion and dilation lcads ,in thc sarnc 
way to: 

X a Hi = (((X a Hk-) Hk/) 0 Hk\). 
This rcsult suggcsts a flow parallclisnl by thc facl 
that cach pixcl is subjcct to a spatiotc~liporal proccssing 
at diffcrcnt moments corresponding to thc thrcc 
fondamcnlal directions. 

APPLICATION T O  THE LINEAR FILTERlNG 

The lincar filters derive from the signal processing; 
they arc essentially convolution producL~.Lct n bc a grcy 
function and V(x) a ncighbourhood centred in the point 
xo which is treatcd .Thc convolution product defines 
an image function g(x) by: 

g(x) = f(x) * V(x) 
If i designs thc numbcr of ncighbours of xo nolcd xi 

thc convolution product givcs : 

i=O 
Thc considered ncighbourhood which can bc hexagonal 
act as a structuring clcmcnt and consequently may be 
divided in nccordancc with thc directions D-,Dl and D\ : 

V(x) = v-(x) u V/(x) U W(x) 
Thc convolution product becarnc : 

g(x) = f(x0 ).V(xo ) + g-(x) +g/(x) +g\(x) 

With : g-(x)= C f ( ~ i )  * V-(xi) 
Xi C V-(x) 

Lct us notc that thc convolution product is generally 
norrnalizcd ; it is dividcd by lhc sum of thc ct~flicinls of 
thc ncighbourhood function : 

n 

g'(x) = g(x) 1 ( C  V(xi) 
i=O 

Thc neighhourhood nlay cnclosc olhcr pixcls lhan thc 
ncarcst ncighbours of the pixcl xo hut lhc use of n I:~rgc 
si7r: ncighbourhood is gcncrally avoidcd bccause it necds 
nunicrous operations or scvcral iterations of a filtering 
using a small ncighbourhood. Thc usc of linear 
neighbourhoods ,actucd by our method is more 
advisable whcn a rcal-timc proccssing is cnvisagcd. 

CONCLUSION 

Thc exposed algorithms allow to change from the 
2D morphology to a linear morphology which is more 
adapted to an acquisition linc by linc of thc imagc.Thc 
hcxagonal franlc has bccn chooscn as support of imagc 
bccause it is lhc most acceptable thcorctically byt thc facl 
of its isotropy.Howcvcr all thc obtained rcsulL~ can bc 
transposed in the casc of a squarc frame . This method 
pcrmit to effect at onc strctch transfornlations that are 
classically itcrativcs and may bc cxtcntcd to thc lirlcar 
filtcrs which act on thc imagc in rhc same way as lhc 
structuring clcmcrlrs . It Ic;lds lo n parnllclisnlion of 
proccssings and authorizes an implcmentalion on an 
architccturc essentially built on line processors. 
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