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Abstract

We describe a method based on the Hough
transform to compute a set of parameters that
completely describe line segments. By com-
plete, we mean the description includes the
endpoints of each segment as well as the num-
ber of points along the segment, and, assum-
ing a noise model N, the parameter(s) of N.
The method involves fitting a surface locally to
the Hough array, where the variables of the fit
are the parameters we are looking for. In ad-
dition to providing a complete description for
each segment, the computed estimates of p and
0 are better than the resolution of the Hough
array H(p, 0) so that a relatively low resolution
H may be used.

1 Introduction

The Hough transform is often used to find in-
stances of a parameterized object in an image.
The most common use is to find lines, param-
eterized by m and b in y = mz + b or, as many
authors prefer, p and § in p = zcosf + ysin .
In an earlier paper(l], we described a method
for achieving very high accuracies in p and
6 parameter estimation by using a series of
one dimensional interpolations on the values in
H(p, ). In this paper, we extend this to a full
two dimensional interpolation, with three main
results: (1) the interpolated values for p and ¢
maintain their high accuracy; (2) in addition to
p and 8, we compute parameters that provide a
complete description of each line segment (end-
points, number of points in the segment, and
noise characteristic about the segment); and
(3) the interpolation is valid over a wide range
of values of the Hough space resolution Ap and
A#f, and in particular, relatively coarse resolu-
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tion may be used.

Other authors have used properties of the
Hough array other than the location of the peak
to gain more information about the lines in an
image (for example, [2] uses the shape of the
"butterfly” to better design a line segment de-
tection filter), but ours is the first case we know
where a complete line segment description is
derived.

Applications that use the Hough transform
and require the line segment endpoints (the
most interesting additional parameters) typi-
cally first compute p and 8 from H(p,¥8), and
then inspect the swath along p and 6 in the
image, applying various heuristics to find the
beginning and end of the segment(s)[3).

2 The model

Consider a line segment S in an image with pa-
rameters pg, 8o of length Lg centered at (zo, ¥o)-
(Note: yo is not an independent parameter, but
can be computed from po, 8, and z¢.) Suppose
that in the image, the edgels detected about §
are at locations that have a Gaussian distribu-
tion with mean 0, standard deviation o in the
direction orthogonal to S, and that the aver-
age number of edgels per unit length along S
is uo. See Figure 1. Suppose that we com-
pute a Hough transform with with p and ¢
resolutions Ap and Af. We approximate the
expected number of points in a cell of H(p, @)
(this is by definition the expected number of
points in a swath of width Ap centered along
the line S7 from « to v in the figure) as the area
Ar under the slice along S7 times the width Ap
of the swath, times the density of points along
St. Then
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Figure 1: The parameters of a line segment.

where ¢ = g -0, u=g+r,v=v=qg—r,
g = (L/2)tang, r = (p — pc)/cos$, and p, =
zgcosf + ygsin §. The density of points along
S1is pocos$. Combining these gives:

H(P: 0) = H-(Pn a; Zo, Yo, o, LO: Ko,y T, AP)
= ArAp(pocos¢)
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where we have regrouped terms as z; = (z —
a)/cosd, z, = (z +a)/cos$, z = p — p., and
a = (Lo/2)sin ¢.

Given an actual Hough array H resulting
from a set of edgels, we estimate the parameters
Zo, Yo, b0, Lo, po, and o¢ as those that minimize
x? = Y(H - H)? in the vicinity of each peak.
This is a non-linear least squares minimization,
and we use Levenberg-Marquardt iteration[4].

Initial estimates. Initial estimates of the
parameters are necessary for the iteration, and
these can be made quite reasonably using val-
ues of H(p, @) near the peak. To compute esti-
mates of pg and 6, we smooth H(p, ) in the p
direction with a window of length pw (we use
5), and then take the peak location. For ng,
the initial estimate is the number of points in
this same window, and for ¢ it is their stan-
dard deviation. To compute an initial guess for
Lo, we estimate the endpoints of the segment
by looking in the columns of H(p, ) at +T;
columns (we use 2) from our guess of fp. In
these columns, we find the minimum and max-
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imum p values enclosing the same number of
points as are in the peak. We assume these are
the endpoints of the segment. Thus we have
two sets of p and @ values for each endpoint,
and can solve for their z,y locations and thus
an estimate of the length Lg.

3 Discussion

Iterations. The iteration is stopped when x?
decreases by less than 0.01 on two successive
iterations. Convergence is rapid, and typically
occurs in about six iterations.

Effect of window size. The minimiza-
tion of x? is done over a local window cen-
tered (approximately) on a peak in H(p,#).
Results from windows of sizes 5x5, 7x7, and
11x11 are shown in Table 1. Results in this
and the next table are for input data gener-
ated by adding Gaussian noise of ¢ = 1.2 in
the orthogonal direction to points along the
line p = 40.7,0 = 47.3,z¢ = 82,n = 92, and
L = 123.82. The 11x11 and 7x7 windows are
similar, but at 5x5 the accuracy begins to de-
grade.

Effect of Ap and A6 resolution. The res-
olutions Ap and Ad at which the Hough array
is accumulated affect both the processing re-
sources (speed and memory), and the accuracy
of the fitting. Table 2 shows results from runs
using a 7x7 window in H(p, §) where Ap = 2
and Af = 2.

Sensitivity. The parameters p and @ shift
the surface H(p, @), z rotates it, and n scales
it. These effects are essentially orthogonal and
are accurately computed by the fitting proce-
dure. L and o are more difficult. They have
related effects on the surface, both tending to
spread it out. The model is less sensitive to this
type of change, with the result that computed
values for [ and &, as shown in the tables,
are less accurate. An area for further study
is a re-parameterization of the surface model
of H(p, @) to increase the sensitivity for all pa-
rameters.

Limitations. The main limitation of the
method is that.only one segment at a given
p and @ can be modelled. Separate, co-linear
segments would not be detected.

4 Multiple Line Segments

We generated a test case with 6 line segments
on a background of uniform noise. H(p, 8) was



Run 1 Run 2 Run3 Run 4
§xb
p 4052  41.07 40.85 40.99
] 47.15  47.66 48.01 47.09
7o | 84.33  85.14 8097 79.78
g | 93.96 88.41 88.80 94.83
Lo | 11451 108.53 112.59 137.07
o 1.34 1.15 1.02 1.12
Tl
P 40.79  40.90 40.53 40.51
] 47.40 4739 47.04 47.16
7o | 8091  81.61 80.66 83.15
no | 91.41  88.75 91.89 93.55
Lo | 130.54 11851 114.75 125.80
Go 1.14 1.09 1.26 1.28
11 x 11
F 40.68  40.71 40.74 40.81
] 4733 4731 4748 4745
o | 79.00 79.99 81.20 81.43
o | 94.98 91.66 91.31 92.01
Lo | 131.56 127.25 123.14 128.08
do 1.54 1.09 1.11 1.17

Table 1: The effect of window size. The top
results are from 4 runs (one per column) inter-
polating over a 5x5 window, the middle over
a Tx7 window, and the bottom an 11x11 win-
dow. Every run uses a new random noise sam-
ple added to the input points. (For these runs,
the resolution Ap and Af of H(p, §) were both

1)

Runl Run2 Run3 Runi4
K 41.05 40.66 40.68 40.70
] 4759 4735 47.05 47.11
o | 82.83 80.63 82.65 79.99
nig | 91.87 92.37 91.36 93.24
Lo | 116.75 126.41 125.00 131.13
A 1.37 141 1.12 1.46

Table 2: The effect of Ap and Ap resolution.
The figures show results from 4 runs (one per
column) interpolating over a 7x7 window in
H(p,0) where Ap = 2 and A6 = 2. Compare
these with the middle results of the previous
table.
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accumulated, and the fitting procedure applied
to each peak. To improve the accuracy by
avoiding the influence from nearby peaks, when
the i-th line segment was found, the points
in the swath at g; £+ 24; were removed from
H(p, 0) prior to finding and fitting about the
next peak. This process continued until the
maximum peak in H(p,#) had less than 10
points. Results are shown in Figure 2.

5 Conclusions

We have described a method for computing a
complete description of aline segment based on
fitting a surface to the Hough transform. The
method provides high accuracy in the estimates
of p and 4, as well as good estimates of the lo-
cation and length of, the number of points in,
and the noise characteristics of the points in the
line. The method is computationally feasible,
requiring only a few iterations, and is applica-
ble to cases of both single and multiple lines.
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Figure 2: Multiple line segment detection example. The input data is on the left. The data with
computed line segments overlaid is on the right.
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