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Abstract 
The optical C T  (Computerized Tomogra- 

phy), which utilises light transmitted through a 
semi-opaque object extends vision to the inside 
of objects. The projection profiles of the optical 
C T  are smeared due to the scattering of light in 
a translucent medium. In the image reconstruc- 
tion for MRI (Magnetic Resonance Imaging), FID 
(Free Induction Decay) signals consisting of de- 
caying sinusoids inevitably produce smeared spec- 
tra. The chirpz transform provides an effective 
means which reduces such smearing, when the 
DFT (Discrete Fourier Transform) used in dif- 
ferent stages of image reconstruction processes, is 
replaced by the CZT (Chirp z-Transform). This 
paper discusses the peak value and the bandwidth 
of the improved spectrum by CZT in relation to 
the ordinary DFT (Discrete Fourier Transform) 
method and proper selection of a contour for a 
given set of data. The validity of replacing DFT 
by CZT in different image reconstruction schemes 
is also discussed. The improvement in image qual- 
ity is demonstrated for the experimental data ob- 
tained from an optical C T  system and that ob- 
tained from MRI specifically for the purpose of 
chemical-shift imaging. 

The Chirp z-Transform 
DFT evaluates z-transforms on the unit cir- 

cle in the z-plane, whereas the chirp z-transform 
evaluates them on a spiral contour inside or out- 
side the unit circle. Since one can adjust the 
contour such that the contour passes through or 
comes close to the poles of a signal under study, 
the spectrum is sharpened, and its frequency res- 
olution is appreciably improved. 

When a sequence of N data x,, n = O...N - 1 
is sampled from an analog signal, the z-transform 
of this finite sequence is given by 

n=O 

When X(z) is evaluated a t  

in the complex plane, X(zk), k = 0 ... N - 1 is the 
DFT of 2,. When z-transform is evaluated at  

for arbitrary complex numbers, A = ~ ~ $ ~ o  and 
W = N e - j h ,  X(zk) is referred to as the chirp 
z-transform of x,. In CZT, the contour used in 
evaluating X(z) is changed from the unit circle 
in DFT to a segment of the arc which spirals in 
or out relative to the unit circle. A simple expo- 
nentially decaying sinusoidal signal is represented 
by two poles located at  T e*jo. The k-th discrete 
spectrum X(zk) is inversely proportional to the 
distance between each of the poles and zk, since 

This means that the discrete spectrum evaluated 
along the arc passing through or close to the poles 
of a given signal exhibits sharper spectrum than 
those determined by DFT using a fixed contour 
of the unit circle. 

Consider the discrete sequence of data sam- 
pled from a decaying sinusoidal wave, 

A is a sampling interval and T is the time con- 
stant of decay. It  is assumed that the frequency 
of sinusoidal oscillation f k  satisfies k = f k N A  be- 
ing an integer. Discrete spectral analysis can be 
applied to Eq. 5. If the spectrum X(zk) r e p  
resenting the frequency f k  is calculated by using 
the zk defined in Eq. 2, the result is of DFT. On 
the other hand, if Eq. 3 is used, the spectrum 
is of CZT. Two important indecies in spectral 
analysis, peak height and peak width (defined by 
half-power points) of spectral lines are theoreti- 
cally studied and are presented elsewhere in detail 
[2]. The peak height and width for DFT denoted 
by IX(zk)l and A f respectively, and JX,(zk)l and 
Af, for CZT are given as follows: 

lim IX(zk)l = N 
T 4 w  

(6) 



The DFT with respect to time affects the term 

Af, 21 comt.  (9) 

The inequalities that IX(q)l < IXc(zk)l and Af 
> Af, are satisfied for a relatively small T. 

Applications of CZT to Imaging 

Chemical-shift Imagin~ in MRI 

Chemical-shift imaging is the 2- or 3- di- 
mensional NMR spectroscopy carried out nonin- 
vasively for the inside a human body. Results can 
be displayed either in the form of NMR spectrum 
at a selected point or as a 2- or %dimensional 
map representing a specific chemical species or 
structure.[l] The NMR signal called FID signal 
obtained as a RF (Radio Frequency) echo of mag- 
netic resonance is used as raw data for image re- 
construction. In addition to the static magnetic 
field, gradient fields are superimposed for a short 
time A T  to attach positional information to FID 
signals by phase encoding. The FID signal origi- 
nating from a point source p(x, y) is given by 

The actual measured signal is the integration of 
Eq. 10 over the three variables, x, y and w. Mea- 
surements are repeated for different levels of gra- 
dient fields G, and G, as follows. 

G, = AGy(m- M/2), m = 0, 1, ..., M-1 (12) 

Introducing discrete variables n, i and j satisfying 
t = nA, x = h i ,  and y = Ag' and also ignoring 
the exponential decay, the signal from the point 
source is expressed in terms of C, m and n. 

Applying proper scaling for gradient field inten- 
sities and the duration AT, 

yAG',AyAT = 27r/M, AyM = y,, (15) 

The Bdimensional DFT of s(C, m, n) yields the 
general principle of image reconstruction neces- 
sary for chemical-shift imaging. 

3[s(l,m, n)] = M ~ N ~ ( ~ ,  j)(-l)i+3 

dwte% in J3q. 10, in which w is chemical-shift 
frequency and is a spin-spin relaxation time of 
FID signals. As this part forms a pair of complex 
poles, spectral sharpening is be expected, if this 
DFT is replaced by the CZT. 

Filtered Back-proiection in Optical CT 

When the internal structure of a translucent 
object is to be optically determined by tomo- 
graphic techniques, the same image reconstruc- 
tion algorithm as used in X-ray CT is applicable. 
Opaque objects are often transparent to the ex- 
tent that the information of inside structure is 
detectable. However, scattering occurring along 
the path of light usually obscures the image of 
the source. In order to make such objects vis- 
ible, the component of scattering light included 
in the light transmitted through media must be 
suppressed. The use of a collimator lens, which 
prevents scattered light from reaching the detec- 
tor, is an effective means. 

In Zdimensional optical CT, an object is p r e  
jected towards a line perpendicular to the parallel 
rays of incident light. The profile of a projection 
p(t, 8) is the intensity of the light passing through 
the object, at  a beam position t and a given an- 
gle 8. When the transmittance of a 2-dimensional 

object at a Cartesian coordinate of (2, y) is given 
by f (x, y), the projection is, 

where the line L is defined by C = x cos 8+ y sin 8. 
Let F(u,  v) = 3[f (x, y)], 2-dimensional Fourier 
transform of f (x, y). Image reconstruction p r e  
jections heavily relies on the theorem: 

= F(w cos 8, w sin 8). 

The Fourier transform of a projection p(t,  8) is the 
axial cross-section of the Zdimensional Fourier 
transform of the object f (x, y). Thus, the original 
image can be reconstructed by taking the inverse 
Fourier transform of F(u,  v), or by utilizing the 
following relationship: 

The second integration means the inverse Fourier 
transform of P(w, 8)lwl. Since all points in the 



(x, y) plane satisfying t = x cos 8 + y sin 8 take 
the same value, the inverse Fourier transform 

must be back-projected to reconstruct the image 
f (x, y). The function m(t, 0) can be calculated 
either by Eq. 20 in the Fourier domain or by the 
convolution in time domain using 3-' Iwl. 

The projection p(t, 0) given by Eq. 17 is 
nothing more than a conceptual definition. There 
is an implicit assumption in this equation that the 
projection by a single beam placed at t = 6 has 
a point spread function given by 

p,(t, 0) = 6(t - to). (21) 

However, the point spread function in reality is 
closely approximated by a Gaussian function, 

because the scattering light has a cosine radia- 
tion pattern, and also obeys the r-2 rule (r: dis- 
tance) diminishing the scattered light from far 
fields rapidly as t moves away from to. When 
medium is not clear but translucent, the point 

spread function do not decay as rapidly as the 
Gaussian function. It exhibits a long slowly de- 
caying tail, instead. A better approximation of 
the point spread function is 

Since the actual projection affected by the point 
spread function is given by convolution p(t, 8) * 
p8(t, O ) ,  P(w, 0) in Eq. 19 is replaced by P(w, 8) 
P,(w, 8). The Fourier transform of Eq. 23 is 

In order to compensate the effect of the point 
spread function, the inverse of Eq. 24 should 
be included in Eq. 20, which means that the 
CZT applied to P(w, 8) 1 wl produces the function 
m(t, 0) to be back projected for image reconstruc- 
tion. The m(t, 8) is filtered for high emphasis and 
compensated for the point spread function. As 
Eq. 20 is the inverse Fourier transform, the ro- 
tation of the spiraling contour of the CZT must 
therefore be reversed. 

Exper imenta l  Results  

The proposed method of sharpening spectral 
peaks by the CZT is applied to a phantom con- 
sisting of five glass tubes, in which three are filled 

with methanol (CH3-OH) and the remaining two 
are filled with ethanol (CH3-CH2-OH), as shown 
in Fig. l(a). MFU measurements were performed 
with spatial encoding of M = 16 in Eq. 11 and 12. 
A set of 512 data sampled at 1600Hz is used in the 
chemical-shift analysis. The chemical-shift spec- 
trum obtained by the ordinary F T  is Fig. l(c). 
Using the fact that the spectrum of exponentially 
decaying sinusoids drops the magnitude down to 
a half of the peak a t  w = q, + a, if the enve- 
lope decays with e-at, poles for each chemical- 
shift component, i.e. CH3-, -CH2-, and -OH, are 
determined. The CZT contour is thus determined 
as shown in Fig. l(b). The spectrum sharpening 
gained by the CZT is shown in Fig. l(d). Nine 
pictures of the reconstructed images in Fig. 2, in 
which frequency increases from left to right, then 
from top to bottom, show the tubes containing 
only methanol, those of ethanol, and both com- 
bined, as frequency increases. The reconstructed 
images by the F T  method in Fig. 2(a) do not dis- 
tinctly separate two types of alcohol due to the 
broad spectral lines. The CZT significantly im- 
proves the separation among chemical-shift spec- 
tral lines, resulting in much more distinct images 
as shown in Fig. 2(b). 

The projection data for optical CT were mea- 
sured by using a He-Ne laser beam modulated 
with a chopper as a light source, and a differen- 
tial detector which consists of two sets of a colli- 
mator/ photodiode pair. The object is mechani- 
cally moved across the laser beam to obtain the 
projection profile. The total of 128 data spaced 
at 0.5mm is recorded. The object is rotated by 
10" after each scan. Three metal rods of differ- 
ent shape; circular, triangular and rectangular, 
are immersed in a milky translucent liquid. Us- 
ing 18 projections of 10" apart, the image is re- 
constructed by the standard FBP method [3], as 
shown in Fig. 3(a). Filtering is done in the fre- 
quency domain. Then, the CZT is used to convert 
the filtered data in the frequency domain back to 
the data for back-projection. Since the measure- 
ments are done by a thin scanning beam, a mod- 
erate CZT, in which the contour is chosen close 
to the F T  contour, is used. The result is shown 
in Fig. 3(b). 

Conclusion 

The applications of the chirp z-transform to 
CT are discussed for two important modalities of 
CT, MRI and optical CT. In the case of MM, 
the CZT is extremely effective as FID signals are 
basically decaying oscillation. As far as data ac- 
quisition is terminated when signals diminish and 
avoid to take in unnecessary noise, the method is 



immune to noise. In optical CT, the CZT 
automatically cancels the smearing introduced by 
the point spread function of the measurement sys- 
tem. The concept does extend to other types of 
CT's such as X-ray CT. This is particularly effec- 
tive when a flat beam as opposed to a single beam 
is used along with the array of multiple detectors. 
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