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ABSTRACT 

'I'his paDer proposes a new idea of' 
a stereo matching technique based on 
the minimal potential energy criterion. 
The method is concerned with the Plarr's 
human stereopsis model. According to 
his model, the real 3-D vorld 1s reco- 
gnized by internolat,ing identified dis- 
parit,ies. We think. however, matching 
and interpolation should be done simul- 
taneously. Our method realizes this 
by use of the Green's function, a'nd is 
indicative of human and machine 
matching strategic similarity. It is 
shown that the potential enerey minimum 
criterion is reduced t.o minimizing a 
quadratic form, and minimization pro- 
cess can be Localized. The method con- 
sists of two parts; 1 )  Picki-ng up dis- 
parity candidates using a sl~pport fun- 
ction. 2) Selection of true disnarities 
by searching for a surface passing 
through disparities and being the flat- 
test. 

time. P'ro~n our irlst,inct i t  seems more 
natural and rompat ihle to the actual 
human visual sl-st,em than the "larr's 
sequential model. 

Our method consists of two parts. 
The former half is t,o pick up dispari- 
ty rar~didates for each edge hv ttse of a 
sup~ort function 1 2 1 ,  and the latter 
half is t,o select true dispariti~s hv 
search for the flattest (notent ial 
energy minim~lrn J surface ~thich nassps 
thro~rgh one disparity candidate at each 
edge. This naper first. t.reat.s the 
latter half for the convenience of 
discussion. 

INTERPOLATION OF A SURFACE 
USING THE GREEN'S FUNCTION 

(;rimson [ 3 1 suggest<ed with refe- 
rence to the Narr's model that dispari- 
ties lihich have been ident i f ied should 
he interpolated so as to minimize 

uhich means the surface should be as 
INTRODUCTION smooth as possible over the obiect 

space. F:q. ( 1 ) corresponds t.o the fun- 
According to the well-known ctional of a bending v1at.e ttith the 

Marr's human stereopsis model 111, in Poisson's ratio beir,g zero. We think, 
the human eye-br-ain system, retinal however, the followine t'unct ional 
images are narr.01;-band-pass-f ilt.ered heine minimi zed is more S L I ~  table: 
with the Laplacian of. Gaussian (LUG) 
filters with different scales, and 
estracted left and right edges are 
matched usinn the coarse-to-fine prin- 
ciple (We term a zero-crossing 'edge' 
in this paper). The 3-D continuous 
world is recognized by interpolating 
identified disparities. 

In his model matching edges is 
apparent,] y only the resolution prob- 
lem. He suggested that in matching two 
conditions must be satisfied: unique- 
ness and continuity. But since his 
model consists of local and sequential 
processes, these conditions are hard 
of being stably and consistentlv satis- 
fied. 

To satisfy the conditions, some 
kind of global optimization is necessa- 
ry. We propose in this paper a new 
matching method based on the potential 
energy minimum criterion, which match 
and interpolate disparities at the same 

For Eq.(2) allous steep changes in 
disparities at edges, and yet this can 
not he reaJ ized with Eq. ( 1  1 .  Eq. ( 2 )  
produces the flat test surface, and 
physicall y is concerned with the mem- 
hrane equation. A typical differential 
equation of a membrane and its t'unct io- 
nal are 

with f(x,y) being a distribution of an 
esternal force and u(s,y) being a dis- 
placement of the membrane. 

We use Eq.(3) for interpolating 
disparities, in which a disparity cor- 
responds to a displacement of the mem- 
brane. We assume that a disparity is 
caused by a virtual force working at 
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t h e  c r i e e .  l i i t h  a  s i m p l e  c i r c u l a r  boun- t . r y i n n  e v e r y  p o s s i b l e  c o m b i n a t i o n  o f  
dnrx- B on  u h i c h  d i s p a r i t i e s  a s s u m e  d i s p a r i t y -  c a n d i d a t e s .  
z e r o  ( F i e . 1 1 ,  t h e  s o l u t i o n  o f  ( 2  ) b - t . u a l  l v  a n  i n f l u e n t i a l  r a n g e  o f  t h e  
i ~ q .  ( 3 )  1 s  e x p r e s s e d  b ~  G r e e n ' s  f u n c t i o n  i s  n o t  w i d e .  I f  a u n i t  

f o r c e  i s  l o a d e d  on  a c e n t e r  o f  t h e  

r , l l r re  [;(-,.I, $ .f ) 1s a  G r e e n ' s  f ' u n r t  I o n  
1 4 1 ;  

6 (%,./l f 

r .  

The G r e e n ' s  f u n c t i o n  c a n  h e  r e c o g n i z e d  
a s  a n  i n f l 1 1 e n t . i a l  f u n c t i o n  f o r  a  u n i t  
i m p u l s e  o f  a  f o r c e .  

t:l subst i l  u t . i n c  E o .  ( 5 )  in t .o  
F q .  ( 2 ) .  I c e  o b t - a i n  

Then r;e c o n v e r t  E q .  ( 6 )  i n t o  a  d i g i t a l  
f o r m  s u i  t a b l e  f o r  r -omnuter  n r o c e s s i n g .  
k e  number e d g e s  c o l u m n - s c a n - w i s e  as 
i = 1 . 2 ,  . . . ,  N a t ,  w h i c h  d i s p a r i t ! .  c a n r i i -  
d a t e s  e x i s t , .  L e t  image  c o o r d i n a t e s  o f  
1  h e  i t  h erlqe he  d e n o t e d  by x .  , ? - .  , i t s  

1 I 
d l  s p a r  i  t y  by u .  , a n  u n k n o r ~ n  f o r c e  
l o a d e d  on  t h e  it .h e d g e  by F .  = F(\-. ,,-. I 
a  distribution f  1s r e p l a c e d  hy l a  
f o r c e  F f o r  a  d i g i t a l  i m a g e ) ,  a n d  t h e  
v a  l u e  ot '  b q .  ( 5 )  a t  e d g e  i when a n  
impu 1 sr i s  l o a d e d  on e d e e  .i h\- h .  . =  
y . s , y . .  I n a d t d i t i o n c e  i n t $ d -  
due; f g l l d r z i d e  v e c t o r .  a n d  m a t r ~ x  n o t a -  
t i  orrs ; 

u = (UI, U,Z, --..,~n )T, 

F F - F  H - t b ; i )  
'I'hen E o s .  ( 11 ) anad ( 6  1 a r e  r.on\.el-ted t o  
d i e l t a l  f o r m s ;  

Thus  s e l e r t  i n g  t h p  r t ~ s p a r l  t  les  i s  
r e d u c e d  t o  min imi  z i  nr t h ~  q ~ k a d r n t  11- 

f o r m .  U o t e  t h e  t 'ol 1or:Ing; 
( I ) T h e  s p a c f ,  o f  adm I s s i  h l e  s o l u t i o n s  i s  
no t  c o n \  r... . ' I ' h r r e f o r e  rce cart n o t  r l s r ,  
r-onvrant i n r ~ a  1 d e s r e n r l i l ~ ~ r  n n p r . i - ~ a c h t ~ s .  I n  
t  h i  s pap+>r. np t  i m-I  z a t  I rrrb was d o n e  by 

domain  A i n  F i g . ] ,  w i t h  t h e  r a d i u s  
h e i n e  1 2 8  p i x e l s ,  t h e  f u n c t i o n  d e c -  
r e a s e s  t o  1 / 1 0  o f  t h e  p e a k  v a l u e  i n  
a h n u t  100 ~ i x e l s .  T h i s  means  t h a t  t h e  
El oba I s o l u t i o n  o f  Eq. (6') c a n  b e  a p p r o -  
?;imat.ed by a  l o c a l  s o l u t i o n  i n  e v e r y  
f i n i t e  d o m a i n .  T h i s  i m p l i e s  t h e  r e a s o n  
h.hy a  man c a n  r e c o g n i z e  t h e  o b j e c t  
s p a c e  s t e r e o o p t i c a l l y  by a  c o n t i n u o u s  
l o c a l  m a t c h e s  a l o n g  w i t h  e y e  movement .  
( 4  ) I l i a g o r i a l  e l e m e n t s  i n  t .he m a t r i x .  H 
hrcr,mr i n f i n i t e ,  b e c a u s e  ot' t h e  s i n g u -  
l a r i t y  o f  t h e  G r e e n ' s  f u n c t i o n .  To 
v a n i s h  t h e  s i n g ~ l l a r i t y ,  we m o d i f s  t h e  
r l ~ f  i r r i  t  i o n  o f  t h e  f u n r t i o n  f r o m  a n  
i n f  l ~ r c ~ n t i a l  s u r f a c e  w h i c h  i s  g e n e r a t e d  
by- a n  i m p u l s e  f o r c e  t o  o n e  g e n e r a t e d  by  
a f i n i t e  f o r c e  l o a d e d  on a  small a r e a .  
F o r  a  s q u a r e  p r e s s u r e  & o r k i n g  on  a  
p e l  p ( x , v ) ,  t h e  m o d i f i e d  G r e e n ' s  
I'unr>t j on i s  e x n r e s s e d  by  

r.her-e t h e  ~ i d t h  o f  a  p r e s s u r e .  E , was  
s e t  t.o 1 / 1 0  o f  t .he p i x e l  w i d t h .  The 
v a l u e s  w e r e  e v a l u a t e d  by n u m e r i c a l  
i n 1 . e e r a t  i o n .  

One a t t e n t . i o n  mus t  be  i d  h e r e  
t h a t  i n  e \ . e r y  c a n d i d a t e  s e t  o n e  t r u e  
d i s n a r . i  1 y a  1 w a r s  must  be  i n v o l v e d .  
Ot11rrr;isr a s  a  r ~ s r l l t  o f  m a t c h i n g  a  
f a l s e  r i i s p a r i t , y  i s  s e l e c t e d  u h e r e  n o  
t r u e  I ~ I  s p a r i  t y  i s  i n c o l v e d .  

SUPPORT FUNCTION 

P r a z d n y  121 p r o p o s e d  a  c o n c e p t  o f  
a  s u p p o r t  f r ~ n c t i o n  t o  mat,ch e d c e s .  H i s  
i d e a  i s  s i m i l a r  t o  r e l a s a t i o n 1 6 1  a n d  
g i v e s  c a n d i d a t e s  d e t . e r m i n i n 4  l o c a l l y  
f l a t t e s t  s u r f ' a c e s .  Any d i s p a r i t y  c a n d i -  
d a t e ,  i k ,  o f  a n  e d g e  i r e c e i v e s  s u p p o r t  
f r o m  a n y  s u r r o u n d i n g  e d g e  i ( i , 
. . . a r e  i t s  d i s p a r i t y  c a n d i d a t e s ] .  
~ ? t l a t l n y  e v a l u a t e d  t h e  amount  o f  s u p -  
p o r t  by  t h e  f11nct.i or1 

w h e r e  c i s  a p a r a m e t e r ,  r d e n o t e s  t h e  
d i s t a n c e  be t .veen  i a n d  i dnd  Ad d e -  
n o t e s  t h e  m i n i m a l  p o s s i b l e  d i s d a r i t y  
d i i f ~ r e n c e  b e t w e e n  i k  and  i k , .  The 
t . o t a 1  s u p p o r t  i s  c i v e n  by a  summat ion  
of' con1  r I  b11t I on  o f  s u r r o u n d i n g  e d g e s .  
. \ c c o r d i n q  t o  o u r  e s p e r i  m e r ~ t s  t ' r az r in \ - ' s  
f u n c t . j o n  ~ o r k e d  r e l a t . i \ - e 1 y  w e l l ,  b u t  
slrpprbrt. vaL11es v a r y  ~ i  t h  e d g e  d e n s i t y ,  
~ h i c h  make q u a n t  i t a t i \ - e  . judge Less  
s i  u n j  f  i c a n t  . Hence wcx u s e d  t h e  f o l  l o -  
k i n g  m o d i f i e d  s u p p o r t  l t; I . 

S a s s u m e s  tin1 t y  ~f c o r r e s p o n d e n c e  o f  
e!!qrs I r  p e r f e c t .  k e  f o u n d  w l t h  t h i s  
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function correct candidates were suc- 
cessfully picked up, if they exist. But 
at some edges where no true disparity 
exists, it still picks up false simi- 
lar candidates. To evade this, the 
following additive procedures were 
proved useful. 
1)Bi-directional searches (i.e., inde- 
pendent searches from the left image to 
the right, and from the right to the 
left) are done and only commonly 
picked-up disparities are left. 
2)A search range smaller than Marr 
suggestedrll is set. In our algorithm 
images are reduced by sampling after 
LOG-filtering every 1,2 and 1 pixels 
to save memories and computation time. 
And the constant search range K = +  3 
pixels is used. 

EXPERIMENTS AND DISCUSSION 

Fig.2 shows a pair of stereo 
images of 512x512 pisels in size. Dis- 
tortions due to orientation were alrea- 
dy rectified. They contain typical 
difficulties in matching, i.e., occlu- 
sion by buildings and a wall, noises by 
halasion on roofs and periodical pat- 
terns in parking lots. Fig.3(a),lh) 
and lc) shows y-directional edges ex- 
tracted from images obtained by I.OG- 
filtering with peak frequencies, = 
1/8lrad/pixell, W = 1/4 and W = I/!? 
respectively. P P 
We notice the following: No features 
exist in a shady space between t.1~0 high 
buildings, so that we have no means t,o 
know its height. When we try to fuse, 
however, we feel it as high as the 
ground. This seems to be an effect of 
'a priori knowledge'. 

Firstly using Eq. ( 9 )  disparity 
candidates were picked up by setting 
c=(J. 24, SH=O. 7 ,  i i = + 3 .  lie checked vi sua- 
lly that picked-up candidates always 
contained true disparities. 

Secondly Fig.4(a) was obtained as 
a result of selecting disparities so as 
to minimize Eq. ( $ 1 .  Brighter tone de- 
notes a smaller disparit,~ (higher alti- 
tude). The radius H in Eq. I 5 )  was set 
to 128 pixels for the reduced 64x61 
pixel images. This value was used com- 

monly in the followinc experiments. 
Thirdly after mat,ching Fig.31 h), 

we obt,ain~d Fig.Jlh) as a disparit.). 
map. Initial approsirnations of d~spari- 
ties were given from Fig.-llal. 

In actual calculation Fie.l(h) 
was s~ibdivided to 9 parts as shown in 
Fjg.5 hv solid lines. Each area is 
independent l y processed inc ludl ng a 
surround i r~g area enr.losed by dot.t ed 
lines. For example, the ohlique line 
p~rt,ion is for processing Area A5. 

Identifled disparities were in- 
speot.ed visuallv and proved to be a1 1 
true hut a portion m a r k 4  by in 
Fig.J(b), which is wrongly matched d ~ ~ e  
to n o i s ~ s  hy a shadox. Further in 
F'ig.4(b) t.t~ere are some edge pail-s 
which c,scaped from picking-up, hecallse 
of t.he smaller search range. 

Fig.J(c) is a result of a similar 
process as in Fi,e.l(h). The central 
part of h11i ldings is dented because 
lackinfi of mat,ched edges on the roof 
due to halation. And building4 sr;eIl 
in I ,  y-direct inn becal~s~ Jnt,~ral 
constraint is missing. To resolve 
these, x-direct ional edeos should he 
11t.i lixed, though the Plarr's model neg- 
lects t.hem. 

CONCLUSION 

A matching method based on the 
pot ent,ial minimum criterion is drLs- 
cribed. Clat,chins! edges is replaced by 
mi nimizatinn of a quadrat if- t'orm h?- use 
of the tireen's function. kith this 
met-hod I~igh mat.chlng precision was 
nbt.ained. Frir further development high 
speed calr:ul at,] ,Jn and 11t.ili zat.i on of s- 
directional edges are necessary. 
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Fig.3 Y-directional edge map pairs 
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processing 


