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Abstract

One formulation to automatically compute the number
of holes of a 2-D binary object is introduced in this paper.
This formulation is useful for both 4-connected and 8-con-
nected objects. The correctness of the functioning of the
formulation is also established theoretically. Results with a
set of images are provided to demonstrate the utility and
validity of the proposed formulation. To end up, our pro-
posal is compared with other methods reported in literature
to emphasize its advantages.

1. Introduction

Determining the number of holes of an object could be
of special interest in several applications. Finding the num-
ber of holes of an object will allow, for example, to compute
the Euler number or genus of an object [1], [2] and [3].

In the two dimensional case it is well known that the
Euler number E of a binary object (region of intercon-
nected pixels) is given as follows [1] and [3]:

E=1-H. )

In this case H is the number of holes of the object, i.e,
“1” object.

Well known MATLAB's bweuler function (syntax
eul=bweuler (BW, n) ) allows finding the Euler number
of 2-D of a binary image (BW) [4]. Argument n can have a
value of either 4 or 8. When n=4, bweuler function allows
computing the Euler number of a 4-connected object while
when n=8 the same function is useful for 8-connected ob-
jects. Now if we want to find the number of binary 4(8)-
connected it will suffice to compute:

H=1-E. 2)

Another way to compute the number of holes of a binary
4(8) would be to first logically negate the image object,
then to find the number of 4(8) connected components
(NCC). The number of holes H will be then given as:

H=NCC—-1. 3)

To show the applicability of equation (3), Figure 1 de-
picts an example of an object composed of ten pixels with
one single hole of two pixels. Figure 1(a) depicts the object,
while Figure 1(b) shows its image complement. The reader
can rapidly see that the number of connected components
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for Figure 1(b) is NCC = 2. This number could be ob-
tained by means of a labelling algorithm [1].

From our previous discussion, from equation (3), the
number of holes for the object shown in Figure 1(a) equals
2 — 1 =1. Computation of the number of holes by this ap-
proach requires a logical operation over the original image,
a labelling of all the connected components on this negated
image and a subtraction.

(a) (b)
Figure 1. (a) Binary image with an object composed
of ten pixels. (b) Complement of image (a).

In this paper we propose to directly compute the number
of holes of a 4(8) connected object in terms of the number
of its pixels plus three object connectivity characteristics.
We present one unique formulation. As we will see, this
formulation is valid and useful for both 4 and 8-connected
binary objects.

The rest of the paper is organized as follows. In section
2, the proposed formulation is presented. In section 3, ex-
perimental results with a set of binary images of 2-D
objects are provided to demonstrate the validity and utility
of both formulations. Section 4 is finally devoted to present
the concluding remarks and directions for further investi-
gation of this research.

2. The Formulation

In this section the formulation to compute the number
of holes of a 4(8) binary object is introduced. Before pre-
senting this formulation, several definitions are provided.
In this paper, only regions composed of rectangular cells or

pixels will considered.
(a) (b) (©)

Figure 2. (a) Two vertical pixels connected by a hor-
izontal contact side. (b) Two horizontal pixels
connected by a vertical contact side. (c) Two pixels
connected by a contact corner.



Definition 1. Let p; and p, two 4-connected pixels.
As proposed in [5] the side that connects p; and p, is
called contact side. Figures 2(a) and 2(b) show two exam-
ples. In the first case a horizontal contact side (thicker)
connects the two pixels. In the second case a vertical
(thicker) contact side connects the two pixels.

Definition 2. Let p; and p, two strictly 8-connected
pixels, i.e. two pixels connected by a corner. Let us denom-
inate this corner as contact corner. Figure 2(c) shows an
example.

Definition 3. A connected region R is a set of inter-
connected pixels. R could be 4-connected in which case
all of its pixels are connected by contact sides as shown, for
example, in Figure 3(a). R could be also 8-conneted. In
this case we might have two possibilities:

1. Some of the pixels of R will appear connected by
contact sides and at least two of them will appear
connected by a contact corner. For an example, re-
fer to Figure 3(b).

2. All the pixels of R will appear connected by con-
tact corners. In this case the object is said to be
strictly 8-connected. For an example, refer to Fig-
ure 3(c).

Also, in what follows:

1) np denotes the number of the 4(8) connected pix-
els of the object. For example for the 4-connected
object shown in Figure 3(a), np = 10, while for
the 8-connected object from Figure 3(b), np =
11; for the strictly 8-connected object shown in
Figure 3(c), np = 7.

2) nc denotes the number of sides that connect the
pixels of the 4(8) of the object. For example for
the object shown in Figure 3(a), nc = 11, while
for the object from Figure 3(b), nc = 10; in short,
for the object given in Figure 3(c), nc = 0.

3) nt denotes the number of so-called tetra pixels
found in the 4(8) object. A tetra pixel is an ar-
rangement of four connected pixels as shown in
Figure 4(a). For both the 4-connected region of
Figure 3(a) and the 8-connected region of Figure
3(b), nt = 1, however for the object depicted in
Figure 3(c), nt = 0.

4) nd denotes the number of so-called diagonal con-
nected two pixels found only in a 8-connected or
strictly 8-connected region. Two diagonal con-
nected pixels form an arrangement of two 8-
connected pixels as depicted in Figure 4(b) or Fig-
ure 4(c). The careful reader can rapidly observe
that for the object shown in Figure 3(b) nd = 2
while for the object depicted in Figure 3(c), nd =
8.

With all these definitions in mind we can now introduce
the aforementioned formulation to compute the number of
holes H of'a 4-connected or 8-connected digital binary ob-
ject:

Proposition 1. For a 4(8)-connected binary region, R,
composed of n pixels, its number of holes H is always
given as:

H=1—- (np — nc +nt —nd). 4
Proof. See Annex.

To understand the functioning of equation (4), let us
compute the number of holes for the three regions of Fig-
ures 3(a), 3(b) and 3(c).

For the object shown in Figure 3(a), equation (4) out-
puts the following result:

H=1- (np—nc+nt—nd)

1-(10-11+1-0) =1.
Remark 1. For a 4-connected object variable nd = 0.

For the object shown in Figure 2(b), the same equation
provides the following result:

H=1- (np—nc+nt—nd)
=1-(11-10+1-2)=1.

Remark 2. For a 8-connected object variable nd > 0.

(a) (b)

(©)

Figure 3. (a) Binary 4-connected object composed
of 10 pixels. (b) Binary 8-connected object com-
posed of 11 pixels. (¢) Strictly binary 8-connected
object composed of 7 pixels.

"

(2) (b) (©)

Figure 4. (a) A tetra pixel. (b) Two diagonal con-
nected pixels to the right. (¢) Two diagonal
connected pixels to the left.

For the object shown in Figure 2(c), the same equation
provides the following result:



H=1- (np —nc+nt—nd)
=1-(7-0+0-8)=2.

Remark 3. For a strictly 8-connected object variables:
nc=nt =0 and nd > 0.

From these three very simple examples, we can see that
from the pixels of the object and how these pixels are inter-
connected, its number of holes can be directly computed.

Remark 4. Equation (4) can be computed in parallel
which in the case of objects with many pixels the compu-
ting time can be drastically reduced.

3. Experimental Results and Comparison

In the last section we introduced our proposed formula-
tion to determine the number of holes of a 4(8) connected
object. We also gave three very simple examples to numer-
ically validate the functioning of our proposal.

In this section we present several experimental results
with a set of binary images of objects with different number
of pixels and different complexity. Figure 5 shows the ten
objects used to compute their corresponding number of
holes. Object eight is 4-connected; the remaining ones are
8-connected.

Table 1 shows variables np, nc, nt and nd for each
of the ten objects. As can be seen, in all cases as predicted
by equation (4), the number of holes has been correctly
computed.

MATLAB's bweuler function calculates the Euler num-
ber of a binary object by means of the following equation:

e=(s1—-s3-2-x)/4 (5)

where sl is the number of  matrixes:

{[(1) g]'[g (ﬂ' 8 3],[(1) g]}, s3 is the number of
matrixes {2 ﬂ'[} (1)]'[1 (1)];[; ﬂ}, while x is

the number of matrixes { (1) (1)] , [(1) (1) }

As we can appreciated, before using equation (5), the
MATLAB approach needs to perform up to 10 comparisons
on each image pixel. In our case, before equation (4) is used
up to 6 comparisons need to be executed on each pixel.

To better appreciate some of the advantages of our for-
mulation over other methods used by the image processing
community, we compared our formulation against
MATLAB's bweuler function and the method reported in
[6]. Both methods are two of the fastest approaches. We
used the same ten images of Figure 5 and measured the time
in milliseconds invested by the three formulations. All three
methods were implemented as computer programs written
in JAVA code language in the same desktop computer. The
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average time invested by our formulation over the ten im-
ages was of 1.2 ms, while the time used by the MATLAB's
bweuler function and the method reported in [6] were of 1.8
and 2.0 ms, respectively. Ass can be seen, our formulation
is a little bit faster than the other two.

D
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&
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it
Object 7
Object 9 Object 10

Figure 5. Images of objects to validate equation (4).

Table 1. Number of holes H computed for each of
the ten objects of Figure 5 by means of equation (4).

Object np nc nc nd H
1 174 181 15 9 2
2 227 224 25 33 6
3 427 501 76 13 12
4 510 641 138 8 2
5 231 154 2 85 7
6 842 1323 474 18 26
7 688 1031 346 11 9
8 711 1168 451 0 7
9 806 1219 416 19 17
10 951 1625 670 4 9




4. Conclusions and Further Research

A very simple formulation to compute the number of
holes of a bi-dimensional binary object has been introduced
in this paper. It makes use of the number of object pixels,
the number of sides that connect the object pixels (contact
sides), the number of its tetra pixels (if found) and, for the
case of 8-connected objects, the number of two diagonal
connected pixels.

Results with numerical examples and with a set of bi-
nary images have been provided to demonstrate the validity
and utility of the proposed formulation.

When compared to other proposals, ours has shown to
be a little bit faster when applied to a selected set of images.

It is worth mentioning that Equation (4) cannot be ap-
plied if the input image has several objects. In the case we
are given an image [ with several isolated 4 or §-con-
nected objects one could first apply to image [ a
connected component algorithm. Then for each labelled re-
gion we can applied equation (4).

An obvious extension of the proposed formulation is for
the case of three-dimensional objects composed of voxels.
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Appendix

In this appendix a general demonstration of equation (4)
is provided.

Proof. The proof proceeds by mathematical induction
on the number of pixels of R,,. For the base case, R; con-
sists of a single pixel. Therefore, we have H = 0, nc =
nt = nd = 0, values which satisfy equation (4).

For the induction step, let us assume that equation (4)
holds for R,.Let H', np’, nc’, nt” and nd" be the num-
ber of holes, the number of pixels, the number of contact
sides, the number of tetra-pixels and the number of contact
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corners, respectively, of a shape R,,; that is obtained by
adding one pixel to R,,.

Let ¢, t and d be the number of contact sides, the
number of tetra-pixels and the number of contact corners,
respectively of this new pixel. We have that:

nc’ =nc+c. 6)
nt’ =nt +t. )
nd = nd + d. ®)

It must be shown that equation (4) holds for R, 4, i.e.

H=1-(np+1—-nc +nt'—nd"). 9)
But this equation can be rewritten as follows:

H=1-(np+1—-nc—c+nt+t—nd—d)
= 1-(mp—nc+nt—nd)+c—t+d—-1 (10)
This equation simplifies to:

H=H+c—t+d-1 1

which we know is true. O

To end up with this discussion, let us numerically vali-
date this last equation, let us consider the 8-connected
object shown in Figure 6(a). For this object, H =1 —
(12—-12+4+2—1) = 0 holes. Now, suppose that a new
pixel is appended to this object as shown, for example, in
Figure 6(b). In this case we have that c =2, t =0, d =
0, and

H=1-(p+1—-—nc +nt’'—nd")
=1-(12+1-14+2-1)=1.
Also

H=H+4+c—-t+d-1=0+2-04+0-1=1.

(a) (b)
Figure 6. (a) Binary 8-connected object composed
of 12 pixels. (b) Result after appending a pixel to
the object. A hole is formed.



