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Abstract

any intermediate image within the sequence (with
non integer image index).

This paper presents an original algorithm for the
computation of optical flow called Orthogonal Dynamic Programming (ODP) as well as several enhancements to it. The principle is to minimize a
sum of square differences (SSD) between a pair of
images. The originality of the approach is that an
optimal matching is searched for entire image strips
rather than for pixel neighborhoods. Dynamic programming is used to provide very robust strip alignments and a multiresolution iterative process is used
to compute the velocity field. Extensions to the computat& of the velocity field for non integer image
indexes, to the use of more than two images, and to
the search for subpixel velocities, are presented. Results obtained for the Barron, Fleet and Beauchemin
performance tests appear to be at least as good as
or better than those obtained using classical optical
flow detection methods.

Compared to classical methods, this one has the
advantage to be able to operate on multi-band
(color) images and to provide a dense flow field for
the whole image (neither holes nor border shrinks).
Continuity and regularity constraints enforced by
dynamic programming leads to a very good flow field
estimation even in homogeneous or aliased areas.
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Introduction

Several techniques have been developed for the
computation of optical flow. In a survey and a comparative performance study [I], Barron, Fleet and
Beauchemin classify them in four categories: differential, correlation based, energy based, and phase
based.
The method proposed here can be considered as
a correlation based one since its principle is to minimize a sum of square differences (SSD) between a
pair of images. The originality of the approach is
that an optimal matching is searched for entire image strips rather than for pixel neighborhoods. Dynamic programming is used to provide very robust
strip alignments and a multiresolution iterative process is used to compute the flow field.
This method, introduced in [2] for optical flow
detection from a pair of images, has been extended
to be able to operate on longer sequences of images.
It is also able to compute directly the flow field for
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The Orthogonal Dynamic Programming algorithm

Dynamic Programming is a very robust technique
for searching optimal alignments between various
types of patterns because it is able to include order
and continuity constraints during the search. However, it is applicable only for the search of monodimensional alignments (the reason is that no natural
order can be found for a multidimensional set) and
uneasy to use directly for image matching although
some attempts have been made [3] [4] [5].
The originality of the Orthogonal Dynamic Programming (ODP) algorithm [2] is that it transforms
the search problem for two-dimensional alignments
into a carefully selected sequence of search problems
for monodimensional alignments. It is based on an
iterative search for a velocity field that brings the
second image over the first one while minimizing the
L1 or L2 distance between them.
Both images are sliced into parallel and overlap
ping strips (Figure la). Corresponding strips are
aligned (Figure lb) using dynamic programming exactly as 2D representations of speech signal are with
the DTW algorithm [6]. An optimal segment to
segment alignment is searched for as a continuous
and increasing path inside the disparity matrix along
which the sum of the local distance (segment to segment L1 or Lz distance) is minimum (figure lc).
A dense velocity field is build (or updated) for the
whole image by interpolation and smoothing using
the relative velocity values obtained for the strips
central lines. Two passes are performed using orthogonal slicing directions. This process is iterated
in a pyramidal fashion by reducing the spacing and

width of the strips to refine the accuracy of the
matching result (Figure Id). The width of the search
window around the diagonal of the disparity matrix
is also reduced during the iterative process.

of the velocity field in image 1 is alternatively possible if the velocity field is used to bring image 0 over
image 1.
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Enhancements

Several enhancements have been made to the
original ODP algorithm [2].

3.1

a) Image slicing
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b) Strip alignment
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The optimal path inside the disparity matrix
(Figure lc) may be written as: il = io vo(io)
(computation of the velocity field in image 0) or
as: io = il - vl(il) (computation of the velocity field in image 1). I1 may also be written as:
io = ix - X.vx(ix) and: il = ix (1 - X).vx(ix)
(computation of the velocity field in image X with
0 5 X 5 1).
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If X = 0 or X = 1 we fall in one of the original cases. In the other cases, the values of ix for
which the optimal path provides values are non integer ones. A simple linear interpolation provides
the values vx for the integer values of ix. During the
ODP iterations the images to be sliced and aligned
are the images 0 and 1 transformed to the X image
index using respectively the -X.vA and (1 - X).vx
velocity fields.
The velocity field for non integer image indexes
is useful for image interpolation using motion information.

c) Dynamic programming

El

Computation of the velocity field for
non integer image indexes

3.2

Extension to image sequences
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d) Strip spacing and width reduction
Figure 1: Orthogonal Dynamic Programming
At each iteration, the alignment is searched not
between the two original images but between the
original image 0 and the image 1 transformed using
the velocity field obtained from the previous iterations to bring it over the image 0. In this case, the
velocity field is computed in image 0. Computation

The original ODP algorithm operates using only
a pair of images. When a longer image sequence is
available a pair of images have to be manually selected around the one for which the velocity field is
searched. A natural extension is to select automatically a pair of images inside the sequence. The optimal way to do so is to change the selected pair during
the execution of the algorithm. Simultaneously to
the reduction of the spacing and width of the strips,
the spacing of the images may be increased, from
one at the beginning, up to an optimal value that is
adaptively determined by a maximum allowed distortion or by the available number of images.

3.3

Search for subpixel velocities

The original ODP algorithm is able to search only
for integer velocities at each iteration. Thanks to interpolation and smoothing it is in fact already able
to find subpixel velocities. But an improvement is

possible through the direct search of subpixel velocities during strip alignment. This is simply done by
shrinking around the diagonal line the set of points
used for dynamic programming computations (Figure 2). The main effect of this is that the points
are moved out of grid. The corresponding- segments
have non integer a n d different coordinates. They
must be interpolated from the nearest integer coordinate segments of the strips for each point used in
the disparity matrix.

strlp k of image 0
strip k of image 1
strlp k of image 2

Figure 3: Multi-image strip alignment
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Experimental results

It has been observed that the ODP algorithm provides a very high quality matching for calibrated
patterns as well as for human visual sensation. The
results appears to be at least as good as or better
than those obtained using classical optical flow detection methods [I]. The choice of the local cost
function L1 or L2 and of the local recurrent DP
equation do not significantly affect the quality of
the results. The obtained velocity fields appear
to
-.
be continuous and differentiable.

4.1

Figure 2: Subpixel resolution search
Subpixel resolution iterations are added after the
ones from the original algorithm. Instead of the
spacing and width of the strips and the width of the
window around the diagonal, from this point this
is the distance of the points to the diagonal line of
the disparity matrix that is reduced by a f i factor
during 10 additional iterations.
Subpixel resolution iterations significantly improve the accuracy of the computed velocity field.

3.4

Use of multi-image distances

When more than two images are available, it is
possible to adaptively select a pair of images during
the ODP iterations optimizing an accuracy / distortion compromise (section 3.1). When the selected
images are separated by one or more intermediate
images, it is possible to add the constraint that all
the strips of the intermediate images or at least a
few of them must also be aligned with the strips of
the extreme images (Figure 3). This can be done
simply by generalizing the pixel to pixel distance:
I pl - po I to a "multi-pixel distance" defined by:
max(pi) - min(pj). Like in the case of subpixel iterations, the segments of the intermediate images
generally have non integer coordinates and have to
be interpolated from the nearest integer coordinates
ones.

Synthetic image sequences

The results presented in Table 1 have been computed using the image sequences and the error computation procedures provided by Barron, Fleet and
Beauchemin [l] so that results can be compared directly. The density measure is taken for the whole
image (no border offsets have been applied). Like
in [l] the error is measured by the angle in degrees
between the correct and computed 3-component
(v,, vy, I ) vectors representing the flow field. The
error is displayed as mean f standard deviation.
Method 1 simply uses adaptive image pair selection,
method 2 adds subpixel resolution iterations, and
method 3 adds the use of multi-image distances.
Methods 1, 2 and 3 take respectively 1, 1.5 and 9
minutes on a 250 MHz R4400 Indigo2 workstation
for the yosemite sequence (316 x 252 images).

4.2

Real image sequences

Figure 4 shows one image and the found velocity
field for the four real image sequences provided by
Barron, Fleet and Beauchemin [I].

5

Conclusion

The Orthogonal Dynamic Porgramming (ODP)
algorithm for the computation of optical flow and
several enhancements to it have been presented.
This algorithm provides a dense, continuous and differentiable velocity field. It is based on an iterative
L1 or L2 distance minimization using dynamic programming alternatively on horizontal and vertical
image strips while reducing spacing and width. It

Sequence
sinusoid 1:
sinusoid2: (1)
squarel:
square2:
treed:
treet:
yosemite:
yosemite: (2)
yosemite: (3)
(1)
(2)
(3)

Method 1
0.57f 0.27
0.00f 0.00
0.49f 0.54
1.05f 0.74
1.01f 0.93
0.54f 1.07
6.41f 9.10
3.82f 7.01
3.60f 6.87

Method 2
0.25f 0.27
0.00f 0.00
0.39f 0.48
1.07f 0.88
0.86f 0.93
0.57f 1.26
5.8359.39
2.97f 7.22
2.72f 6.99

Method 3 Count
0.14f0.13 10000
0.00f 0.00 10000
0.32f 0.42 10000
1.15f 0.83 10000
1.32f 1.49 22500
0.20f 0.23 22500
5.78f 9.60 79632
2.71f 7.04 39684
2.41f 6.77 15076

Density
100.0
100.0
100.0
100.0
100.0
100.0
100.0
49.8
18.9

The correct field is a pure translation by a vector with integer components
that matches exactly the algorithm search resolution.
Result using a 1D confidence measure (strong intensity gradient).
Result using a 2D confidence measure (strong variation of gradient direction).
Table 1: Performance tests results.
has been observed that this algorithm has a performance a t least as good as or better than classical
optical flow techniques. Applications to stereovision
and image interpolation have been developed [7].
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