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Abstract, The aim of this paper is to concisely describe two
effective and efficient algorithms for Hough transform and medial
axis transform. New aspects of applying the transforms in docu-
ment processing are also considered.

1. Introduction

Generally speaking, a picture processing system consists of
& series of algorithms for corresponding different tasks. Some of
them are applied to original images (preprocessing) to extract
essential features which are then analysed and interpreted by some
other algorithins strongly depending on the concrete context.

Algerithms for picture preprocessing are usually controlled
by a few parameters. There are many demands on selection of
the parameters in application of the algorithms. One of them is
approxibility of an operator through another operator which is
simpler but sufficient for application. On the one hand, the pa-
raunelers must be so chosen as to reduce the great amount of the
original image data. On the other hand, the parameters have to
be so determined for one to get sufficient information for facili-
tating interpretation of an image. A mathematical formulation
of the requisition reads, that an operator should be approxima-
ted by another operator which filters out unnecessary information
of original images for the purpose of not overwhelming the in-
terpretation system, but maintains sufficient information of the
irnages in order to make distinquishing different cinsses of images
through different features possible. Another yardstick to mes-
sure the goodness of an algorithm is its stability. An algorithm
is stable if its application to a slightly different image yields a
result which only slightly differs from the result of its applica-
tion to the original image. Obviously, if a given algorithm is not
stable, the interpretation of its results can become difficult and
not reliable. Unstable algorithms are usually regularized in the
sense of Tikhnov. A further important aspect of an algorithm
is its computational efficiency. Even if an algorithm satisfies the
other two criteria mentioned earlier, its inefficiency heavily limits
its application.

Among a lot of algorithms often used in a picture processing
system, we intend only to investigate Hough transform and medial
axis transform in this paper. There is u great plenty of literature
on the two transforms. It is well known, that the Hough transform
is invertible under some suitale conditions. But the instability of
the reverse transform hinders an effective interpretation of a trans-
formed image. In addition, conventional implementations of the
transform are very time-consuming. One of our intentions in this
paper is to give a detailed description of a new implementation of
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the transform, through which the time consumption for its exe-
cution is reduced approximately to one eighth. The feasibility of
establishing a theory on stability and regularization of its inverse
transform is mentioned here but a comprehensive consideration
has to be sacrificed because of limitation of this paper. The insta-
bility of medial axis transform ean be easily verified. A suggestion
for regularizing the transform is made and stability of the regula-
rized transform is considered here. A new algorithm, which can
be very easily parallelized, is also given.

2. Hough transform

For a given image, the [ongh transform, sometimes also cal-
led Radon transform, assigns to each line the integral over the
image along this line, There exist several variants of the transform
depending on the parametrization of lines and on the approxima-
tion of the line integrals. There are also generalizations of the
transform for the purpose of detecting some geometrical patters
with given description through matching methods.

The transform has been studied by some authors. It is well
known, that the Hough transfurm can be inverted, indeeed, an ex-
plicit formula for the inverse is known ( see e.g. Deans, Natterer
). It is auch known, that this inverse, if considered in a functional
space, is not bounded. Actually, the formula for the inverse trans-
form contains the operation of derivation which is obviously not
bounded or stable. Nevertheless, the transform has found appli-
cations in diverse fields. Espeaally in binary picture processing,
the transform yields a stable and robist means for interpretation
of image contents. The apparent contradiction was more closely
investigated since the question was considered to be of importance
and should be settled before practical implementation of the me-
thod.

A binary image can be interpreted as a sel in the plane (
the set of all blrck points in the hinage ). Any sufficiently re-
gular set is uniquely determined by its boundary. In the image
space of the Hough transform a boundary ciurve is represented by
the set of ull tangents of it ( see Eckhardt, Scherl, Yu ). Using
Hausdorfl metrics, we can establish a theory on the invertibility
and stability not only of the transform itself but also its inverse
transform, if the boundary of a planar compact set can be ap-
proximated through convex curves. Conventional versions of the
transform were theoretically analysed on continuous images but
computatioally implemented on discrete images. The discrepancy
arising in this precarious situation is surmounted by the new ap-
proach. The theoretical details of this approach will be reported
elsewhere.
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Deriving from the theory, we can easily construct a correspon-
ding algorithm whose application is cilectively and efficiently. As
an asumption, we are given a discrete binary image. The steps of
the algorithm are:

a. Extract the boundary of the image using any known algo-
rithm depending on the underlying topological concept;

bh. Run along the boundary curve and store the boundary
points according to a given direction;

¢. Starting from an arbitary Loundary point, run along the
boundary if the HausdorT distance of the line segment joining the
starting point and the moving point to the boundary part deli-
mited by the two point: not greater than a presciibed nonnega-
tive parameler characterizing the goodness of the approximation.
Choose the Inst possible point satisfying the condition as the en-
ding peint. Using the ending point as starting point for the next
approximating line segment, repeat the preceding process until
the whole boundary is approximated by a series of line segments.

d. Ascribe the length of each line segment to the point in
Hougl space whose coordinates characterize the line overlapping
the considered line segment.

The experivnce made by us has shown that we can get a
time reduction of not less than factor eight compared with known
conventional algorithms. The Hongh space produced through the
algorithm is in addition sparsely occupied. This fact makes the
serch for maximal values in Hough space very easily and effecti-
vely.

2 Medinl Axis Transform

The plane is assumed to be equipped with Euclidean metrics,
We denote with K (z,r) a circle of radius r and centre point z. Let
G be a compact set on the plane. A point r belongs to the medial
axis of G, if there exists a positive r such that K(z,r) lies entirely
in G and has at least two conunon points with the boundary of
(7. The medial axis of G will be denoted with M(G).

It is obvious that the set ¢/ can be reconstucted from M(G)
under some regular conditions if fur each point of M(G') the radius
of the corresponding maximal cirele inseribed in @ is stored simul-
taneously. The so produced mediul axis has useful properties. For
example, the medial axis represents the connect edness property of
the transformed set in form of a graph. By nieans of this trans-
form. one can reduce data valume of a binary image to its essence
which facilitates interpretation of the image. The medial axis of
a planar set can be further tuned ( for instance, by pruning end
points of the graph ) for application in image segmentation,

As one can read in literature, the construction of medial axis
of a planar set is ill-posed. That means, little deviations of a set
cause great change of its medial axis. This instability is naturally
not desirable, So there is necessity for regularizing medial axis
transform,

A formal regularization theory on medinl axis transform and
a concrete realization on a computer are envisioned in the present
paragraph.

In order to make statements on the continuousness of the
regularized medial axis transform, we introduce a metrics being
known as HausdorfT metrics on compact subsets in the plane. For
a compact set G and a positive number ¢, we define the t-parallel-
sel () as the set of all points r in the plane for which there
exists a y such that the distance between r and y is not greater
than t in the sense of Euclidean metrics. The Hausdorfl metrics
between two compact sets G and Gy is then defined as

dy(Gy,Gs) = i!l!{l’: Gy C Gy(t)and Gy C G](f)},

Given two nonnegative numbers p and ¢. A point = belongs
to the regularized medial axis if there exists a r not less than p
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such that K({x,r) lies entirely in & and lus at least two common
points with the boundury of G whose Euclidean distance is not
less than 2 -.sl'ng, that means, the angle between the two rays
Jjoining r with each of the two coinmon points respectively is not
less than g. The set of all points of the regularized medial axis of
G will be denoted with M, ,(G).

The regulanzed medial axis transform has a lot of useful pro-
perties some of which are only cited here.

Monotony: If py is not greater than pz, and g; not greater
than gy, then M, . (G) lies in My, o (G).

Approzimation: Mgo(G) = M(G) and for each r out of
M (@) there is nonnegative p and g such that x lies in M, o(G).

Especially significant is the stabiity of the regularized medial
axis transform.

Theorem: Given two compact sets 7y and Gy in the plane
whose HausdorT distance and the HausdorfT disiance between the
two boundaries of the two sets are not greater than a positive num-
ber . For predetermined parameters p and q, the regularized me-

2 : s 14e(2) 14e(t)

dial axis My o (G} ) lies in the m#ﬁ-pm&llelﬂet M(Gs)( mfrﬁ}
with |e(e)| € € + ol¢). Furthermore, there are punbers a, b und
¢, such that the regularized nedial axis M ((G)) lies in the cé-
parallel-set My 14(G2)(cé) of the medial axis of Gy regularized

with the parameters ap and bq.

A proof of that theorem has to be omitted here because of
limitation of the paper,

The two parnmeters p and ¢ in the regulanzation can be ma-
nipulated. If we need only rough information of a binary image,
greater parmmeters p and ¢ should be used. If finer information
about the original image is needed, one can make the parameters
smaller depending on the context. So there arises a natural hier-
archy of local as well as global information about the processed
image.

The regularized medial axis transform can be very easily and
relutively efficiently ( in sense of sequential processing ) executed.
For implementation of the transform, all pixels in the image, star-
ting from the original point of the coordinate system, are stored
clockwise in a one-dimensional list corresponding to increasing ra-
dius. If one has evaluated the distance between one point of the
set to be transformed and the boundary of the set, then the di-
stance between one neighbour of this point and the boundary of
the set can be easily estimated and exactly calculated by means
of trying out not more than three radii.

Tt is emphasized here that the algorithm has a structure ad-
apting sequential as well as parallel processing, because the truns-
form is executed line by line ( or row by row ) independently.
In the picture displayed at the end of this paper, the regularized
medial axis of the backgrund is drawn in.

4. Conclusion

We have hitherto discussed feasibility of regularizing Hough
transform and medial axis transform. The two transforms can be
combined in natural ways. For instance, one can calculate at first
the medial axis of the backgrund of a document and then use the
regularized Hough transform which delivers the line structure of
the document. The transforms were programmed on V AX 7800
of Siemens Reserch Center in Miinchen-Perlach. Considering only
the backgrund of a binary image with limited support, it is in-
teresting for us to observe that medial axes produced according
to different metrics and whose end points having been pruned
have the same connectedness property. That is also easy to verify.
This topological invariance of medial axes can be utilized if one is
only interested in segmenting a document by means of topological
instruments.
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